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Introduction



Fluid simulations impact us everyday

[Nabizadeh et al. 2022]

Why should geometric mechanics be a part of SGP?
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Hyperbolic PDEs
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Structure-preserving simulations! !



Why should geometric mechanics be a part of SGP?
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• Variational Optimization
                           Lagrangian Mechanics                          

• Symplectic Geometry
                           Hamiltonian Mechanics

• Lie Groups
                           Symmetry 
                               and Conservation Laws

Our mathematical tools:
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An optimization problem
Physical world



[YT Dr Mitchell's physics channel 2020]

An optimization problem
Physical world



• Least action principle


• The physical motion follows the path 
of least total cost (action)

[YT Dr Mitchell's physics channel 2020]

An optimization problem
Physical world

Position

Velocity
Cost (Lagrangian)
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TQ

Kinematic space  
(tangent bundle)

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="W0kVOUk9nwJ0KK9oiDxzFGshZZo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRqS6LblxWsA9sh5JJ0zY0k5kmd4Qy9C/cuFDErX/jzr8xfSy09UDgcM495N4TxFIYdN1vZ2V1bX1jM7OV3d7Z3dvPHRzWTJRoxqsskpFuBNRwKRSvokDJG7HmNAwkrweD24lff+LaiEg94Cjmfkh7SnQFo2ilx8LwvNWJkAzP2rm8W3SnIMvEm5M8zFFp575skiUhV8gkNabpuTH6KdUomOTjbCsxPKZsQHu8aamiITd+Ot14TE6t0iHdSNunkEzV34mUhsaMwsBOhhT7ZtGbiP95zQS7134qVJwgV2z2UTeRBCMyOZ90hOYM5cgSyrSwuxLWp5oytCVlbQne4snLpHZR9ErF0v1lvnwzryMDx3ACBfDgCspwBxWoAgMFz/AKb45xXpx352M2uuLMM0fwB87nD04ikAs=</latexit>

(q, q̇)

Lagrangian Mechanics
<latexit sha1_base64="tZEov9kOvtSHhbfsCYSq4OKlHi4="></latexit>

S(q) =

Z T

0
L(qt, q̇t)dt = K � U



<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

Configuration space

<latexit sha1_base64="xlwLmymqRCYeSwFxdCd2eQGnKqk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4TyQuSEGYns8mQ2dllplcIS/7AiwdFvPpH3vwbJ8keNLGgoajqprvLj6Uw6LrfTm5jc2t7J79b2Ns/ODwqHp+0TJRoxpsskpHu+NRwKRRvokDJO7HmNPQlb/uT+7nffuLaiEg1cBrzfkhHSgSCUbTSY6M+KJbcsrsAWSdeRkqQoTYofvWGEUtCrpBJakzXc2Psp1SjYJLPCr3E8JiyCR3xrqWKhtz008WlM3JhlSEJIm1LIVmovydSGhozDX3bGVIcm1VvLv7ndRMMbvupUHGCXLHloiCRBCMyf5sMheYM5dQSyrSwtxI2ppoytOEUbAje6svrpHVV9irlSv26VL3L4sjDGZzDJXhwA1V4gBo0gUEAz/AKb87EeXHenY9la87JZk7hD5zPH1NGjT4=</latexit>

TQ

Kinematic space  
(tangent bundle)

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="W0kVOUk9nwJ0KK9oiDxzFGshZZo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRqS6LblxWsA9sh5JJ0zY0k5kmd4Qy9C/cuFDErX/jzr8xfSy09UDgcM495N4TxFIYdN1vZ2V1bX1jM7OV3d7Z3dvPHRzWTJRoxqsskpFuBNRwKRSvokDJG7HmNAwkrweD24lff+LaiEg94Cjmfkh7SnQFo2ilx8LwvNWJkAzP2rm8W3SnIMvEm5M8zFFp575skiUhV8gkNabpuTH6KdUomOTjbCsxPKZsQHu8aamiITd+Ot14TE6t0iHdSNunkEzV34mUhsaMwsBOhhT7ZtGbiP95zQS7134qVJwgV2z2UTeRBCMyOZ90hOYM5cgSyrSwuxLWp5oytCVlbQne4snLpHZR9ErF0v1lvnwzryMDx3ACBfDgCspwBxWoAgMFz/AKb45xXpx352M2uuLMM0fwB87nD04ikAs=</latexit>

(q, q̇)

Lagrangian Mechanics
<latexit sha1_base64="tZEov9kOvtSHhbfsCYSq4OKlHi4="></latexit>

S(q) =

Z T

0
L(qt, q̇t)dt = K � U

<latexit sha1_base64="mb/Mi2S8n83MyN/WqXNJufH8aJA="></latexit>

argmin
qt

Z T

0
L(qt, q̇t)dt



<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

Configuration space

<latexit sha1_base64="xlwLmymqRCYeSwFxdCd2eQGnKqk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4TyQuSEGYns8mQ2dllplcIS/7AiwdFvPpH3vwbJ8keNLGgoajqprvLj6Uw6LrfTm5jc2t7J79b2Ns/ODwqHp+0TJRoxpsskpHu+NRwKRRvokDJO7HmNPQlb/uT+7nffuLaiEg1cBrzfkhHSgSCUbTSY6M+KJbcsrsAWSdeRkqQoTYofvWGEUtCrpBJakzXc2Psp1SjYJLPCr3E8JiyCR3xrqWKhtz008WlM3JhlSEJIm1LIVmovydSGhozDX3bGVIcm1VvLv7ndRMMbvupUHGCXLHloiCRBCMyf5sMheYM5dQSyrSwtxI2ppoytOEUbAje6svrpHVV9irlSv26VL3L4sjDGZzDJXhwA1V4gBo0gUEAz/AKb87EeXHenY9la87JZk7hD5zPH1NGjT4=</latexit>

TQ

Kinematic space  
(tangent bundle)

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="W0kVOUk9nwJ0KK9oiDxzFGshZZo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRqS6LblxWsA9sh5JJ0zY0k5kmd4Qy9C/cuFDErX/jzr8xfSy09UDgcM495N4TxFIYdN1vZ2V1bX1jM7OV3d7Z3dvPHRzWTJRoxqsskpFuBNRwKRSvokDJG7HmNAwkrweD24lff+LaiEg94Cjmfkh7SnQFo2ilx8LwvNWJkAzP2rm8W3SnIMvEm5M8zFFp575skiUhV8gkNabpuTH6KdUomOTjbCsxPKZsQHu8aamiITd+Ot14TE6t0iHdSNunkEzV34mUhsaMwsBOhhT7ZtGbiP95zQS7134qVJwgV2z2UTeRBCMyOZ90hOYM5cgSyrSwuxLWp5oytCVlbQne4snLpHZR9ErF0v1lvnwzryMDx3ACBfDgCspwBxWoAgMFz/AKb45xXpx352M2uuLMM0fwB87nD04ikAs=</latexit>

(q, q̇)

Lagrangian Mechanics

Hamilton’s Principle of Stationary Action

<latexit sha1_base64="dr8YwVIvISR4B6nEtG9K8Ai7GfU=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5JIUTdC0Y3LivYBTSiTyaQdOpmkMxOhhGzd+CtuXCji1j9w5984bSNo64ELZ865l7n3eDGjUlnWl1FYWl5ZXSuulzY2t7Z3zN29lowSgUkTRywSHQ9JwignTUUVI51YEBR6jLS94dXEb98TIWnE79Q4Jm6I+pwGFCOlpZ4JnUAgnDo+YQrB28roOPt5jDJ4Aa2eWbaq1hRwkdg5KYMcjZ756fgRTkLCFWZIyq5txcpNkVAUM5KVnESSGOEh6pOuphyFRLrp9JIMHmnFh0EkdHEFp+rviRSFUo5DT3eGSA3kvDcR//O6iQrO3ZTyOFGE49lHQcKgiuAkFuhTQbBiY00QFlTvCvEA6WiUDq+kQ7DnT14krZOqfVqt3dTK9cs8jiI4AIegAmxwBurgGjRAE2DwAJ7AC3g1Ho1n4814n7UWjHxmH/yB8fENyfmZGw==</latexit>

�S(q)

�q
= 0

<latexit sha1_base64="tZEov9kOvtSHhbfsCYSq4OKlHi4="></latexit>

S(q) =

Z T

0
L(qt, q̇t)dt = K � U

<latexit sha1_base64="mb/Mi2S8n83MyN/WqXNJufH8aJA="></latexit>

argmin
qt

Z T

0
L(qt, q̇t)dt



<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

Configuration space

<latexit sha1_base64="xlwLmymqRCYeSwFxdCd2eQGnKqk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4TyQuSEGYns8mQ2dllplcIS/7AiwdFvPpH3vwbJ8keNLGgoajqprvLj6Uw6LrfTm5jc2t7J79b2Ns/ODwqHp+0TJRoxpsskpHu+NRwKRRvokDJO7HmNPQlb/uT+7nffuLaiEg1cBrzfkhHSgSCUbTSY6M+KJbcsrsAWSdeRkqQoTYofvWGEUtCrpBJakzXc2Psp1SjYJLPCr3E8JiyCR3xrqWKhtz008WlM3JhlSEJIm1LIVmovydSGhozDX3bGVIcm1VvLv7ndRMMbvupUHGCXLHloiCRBCMyf5sMheYM5dQSyrSwtxI2ppoytOEUbAje6svrpHVV9irlSv26VL3L4sjDGZzDJXhwA1V4gBo0gUEAz/AKb87EeXHenY9la87JZk7hD5zPH1NGjT4=</latexit>

TQ

Kinematic space  
(tangent bundle)

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="W0kVOUk9nwJ0KK9oiDxzFGshZZo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRqS6LblxWsA9sh5JJ0zY0k5kmd4Qy9C/cuFDErX/jzr8xfSy09UDgcM495N4TxFIYdN1vZ2V1bX1jM7OV3d7Z3dvPHRzWTJRoxqsskpFuBNRwKRSvokDJG7HmNAwkrweD24lff+LaiEg94Cjmfkh7SnQFo2ilx8LwvNWJkAzP2rm8W3SnIMvEm5M8zFFp575skiUhV8gkNabpuTH6KdUomOTjbCsxPKZsQHu8aamiITd+Ot14TE6t0iHdSNunkEzV34mUhsaMwsBOhhT7ZtGbiP95zQS7134qVJwgV2z2UTeRBCMyOZ90hOYM5cgSyrSwuxLWp5oytCVlbQne4snLpHZR9ErF0v1lvnwzryMDx3ACBfDgCspwBxWoAgMFz/AKb45xXpx352M2uuLMM0fwB87nD04ikAs=</latexit>

(q, q̇)

Lagrangian Mechanics

Euler-Lagrange Equations
<latexit sha1_base64="TwPgAw0uZmU+YCyEWYpyaLWPzdA=">AAACSnicjVC7SgNBFJ2NUWN8RS1tBoNgFXZFoo0QtLGwiGBiIBvC3dlZHZx9OHNXCMt+n42VnR9hY6GIjbNJEF+FBwYO5577mOMlUmi07UerNFOenZuvLFQXl5ZXVmtr610dp4rxDotlrHoeaC5FxDsoUPJeojiEnuQX3vVxUb+45UqLODrHUcIHIVxGIhAM0EjDGriBApb5eeZjPuFuAgoFSDcEvGIgs9M8/xSp68dIb3J6SP/jNsZhrW437DHob+JMSZ1M0R7WHswOloY8QiZB675jJzjIiolM8rzqpponwK7hkvcNjSDkepCNo8jptlF8GsTKvAjpWP3akUGo9Sj0jLM4WP+sFeJftX6KwcEgE1GSIo/YZFGQSooxLXKlvlCcoRwZAkwJcytlV2ASQpN+1YTg/Pzyb9LdbTjNRvNsr946msZRIZtki+wQh+yTFjkhbdIhjNyRJ/JCXq1769l6s94n1pI17dkg31AqfwB6frYP</latexit>

d

dt

@L
@q̇

=
@L
@q

Hamilton’s Principle of Stationary Action

<latexit sha1_base64="dr8YwVIvISR4B6nEtG9K8Ai7GfU=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5JIUTdC0Y3LivYBTSiTyaQdOpmkMxOhhGzd+CtuXCji1j9w5984bSNo64ELZ865l7n3eDGjUlnWl1FYWl5ZXSuulzY2t7Z3zN29lowSgUkTRywSHQ9JwignTUUVI51YEBR6jLS94dXEb98TIWnE79Q4Jm6I+pwGFCOlpZ4JnUAgnDo+YQrB28roOPt5jDJ4Aa2eWbaq1hRwkdg5KYMcjZ756fgRTkLCFWZIyq5txcpNkVAUM5KVnESSGOEh6pOuphyFRLrp9JIMHmnFh0EkdHEFp+rviRSFUo5DT3eGSA3kvDcR//O6iQrO3ZTyOFGE49lHQcKgiuAkFuhTQbBiY00QFlTvCvEA6WiUDq+kQ7DnT14krZOqfVqt3dTK9cs8jiI4AIegAmxwBurgGjRAE2DwAJ7AC3g1Ho1n4814n7UWjHxmH/yB8fENyfmZGw==</latexit>

�S(q)

�q
= 0

<latexit sha1_base64="tZEov9kOvtSHhbfsCYSq4OKlHi4="></latexit>

S(q) =

Z T

0
L(qt, q̇t)dt = K � U

<latexit sha1_base64="mb/Mi2S8n83MyN/WqXNJufH8aJA="></latexit>

argmin
qt

Z T

0
L(qt, q̇t)dt



Lagrangian Mechanics

<latexit sha1_base64="n/yCbhkGIBzrvdoipgZ5osN/8Ps="></latexit>

Configuration space: circle Q = S1

Position: (` sin ✓, �` cos ✓)
Speed: `✓̇

K = 1
2 m`2✓̇2, V = �mg` cos ✓,

L = 1
2m`2✓̇2 +mg` cos ✓.

<latexit sha1_base64="n/yCbhkGIBzrvdoipgZ5osN/8Ps="></latexit>

Configuration space: circle Q = S1

Position: (` sin ✓, �` cos ✓)
Speed: `✓̇

K = 1
2 m`2✓̇2, V = �mg` cos ✓,

L = 1
2m`2✓̇2 +mg` cos ✓.

<latexit sha1_base64="LJhCYPXhKNU2H+5zJ0FzvLBdnbY=">AAAB7XicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZEXUjFt24rGAv0A4lk2ba2EwyJGeEMvQd3LhQxI0LH8W9G/FtTC8Lbf0h8PH/55BzTpgIbsDzvp3cwuLS8kp+1V1b39jcKmzv1IxKNWVVqoTSjZAYJrhkVeAgWCPRjMShYPWwfzXK6/dMG67kLQwSFsSkK3nEKQFr1VrQY0DahaJX8sbC8+BPoXjx4Z4nb19upV34bHUUTWMmgQpiTNP3EggyooFTwYZuKzUsIbRPuqxpUZKYmSAbTzvEB9bp4Ehp+yTgsfu7IyOxMYM4tJUxgZ6ZzUbmf1kzhegsyLhMUmCSTj6KUoFB4dHquMM1oyAGFgjV3M6KaY9oQsEeyLVH8GdXnofaUck/KR3f+MXyJZooj/bQPjpEPjpFZXSNKqiKKLpDD+gJPTvKeXRenNdJac6Z9uyiP3LefwAGy5Jv</latexit>

✓

Example: pendulum motion

[Stündle, Animation einer Pendelschwingung, 2011]



Lagrangian Mechanics
Example: pendulum motion

<latexit sha1_base64="n/yCbhkGIBzrvdoipgZ5osN/8Ps="></latexit>

Configuration space: circle Q = S1

Position: (` sin ✓, �` cos ✓)
Speed: `✓̇

K = 1
2 m`2✓̇2, V = �mg` cos ✓,

L = 1
2m`2✓̇2 +mg` cos ✓.

<latexit sha1_base64="n/yCbhkGIBzrvdoipgZ5osN/8Ps="></latexit>

Configuration space: circle Q = S1

Position: (` sin ✓, �` cos ✓)
Speed: `✓̇

K = 1
2 m`2✓̇2, V = �mg` cos ✓,

L = 1
2m`2✓̇2 +mg` cos ✓.

<latexit sha1_base64="n/yCbhkGIBzrvdoipgZ5osN/8Ps="></latexit>

Configuration space: circle Q = S1

Position: (` sin ✓, �` cos ✓)
Speed: `✓̇

K = 1
2 m`2✓̇2, V = �mg` cos ✓,

L = 1
2m`2✓̇2 +mg` cos ✓.

[Stündle, Animation einer Pendelschwingung, 2011]

<latexit sha1_base64="4mBB6YX6bqdMM8v3iaHFQXfXWq8="></latexit>

K = 1
2 m`2✓̇2, U = �mg` cos ✓,



Lagrangian Mechanics
Example: pendulum motion

<latexit sha1_base64="n/yCbhkGIBzrvdoipgZ5osN/8Ps="></latexit>

Configuration space: circle Q = S1

Position: (` sin ✓, �` cos ✓)
Speed: `✓̇

K = 1
2 m`2✓̇2, V = �mg` cos ✓,

L = 1
2m`2✓̇2 +mg` cos ✓.

<latexit sha1_base64="n/yCbhkGIBzrvdoipgZ5osN/8Ps="></latexit>

Configuration space: circle Q = S1

Position: (` sin ✓, �` cos ✓)
Speed: `✓̇

K = 1
2 m`2✓̇2, V = �mg` cos ✓,

L = 1
2m`2✓̇2 +mg` cos ✓.

<latexit sha1_base64="n/yCbhkGIBzrvdoipgZ5osN/8Ps="></latexit>

Configuration space: circle Q = S1

Position: (` sin ✓, �` cos ✓)
Speed: `✓̇

K = 1
2 m`2✓̇2, V = �mg` cos ✓,

L = 1
2m`2✓̇2 +mg` cos ✓.

<latexit sha1_base64="D7cSZVWn7PMbe05DIwdDmH1aYqI="></latexit>

@L

@✓̇
= m`2✓̇,

@L

@✓
= �mg` sin ✓,

<latexit sha1_base64="vzpp3kz9MUcXTRfKmWlm4I7n4ek=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL4tF8NKSFFGPRRE8eKhgW6ENZbOdpEs3m7i7EUqoF/+KFw+KePVfePPfuG1z0NYHA4/3ZpiZ58WcKW3b31ZuYXFpeSW/Wlhb39jcKm7vNFWUSAoNGvFI3nlEAWcCGpppDnexBBJ6HFre4GLstx5AKhaJWz2MwQ1JIJjPKNFG6hb3LhMOsly+JoEkIgAM90lmleyKPQGeJ05GSihDvVv86vQimoQgNOVEqbZjx9pNidSMchgVOomCmNABCaBtqCAhKDedfDDCh0bpYT+SpoTGE/X3REpCpYahZzpDovtq1huL/3ntRPtnbspEnGgQdLrITzjWER7HgXtMAtV8aAihkplbMe0TSag2oRVMCM7sy/OkWa04J5Xjm2qpdp7FkUf76AAdIQedohq6QnXUQBQ9omf0it6sJ+vFerc+pq05K5vZRX9gff4AAxSWoA==</latexit>

Euler–Lagrange equation

[Stündle, Animation einer Pendelschwingung, 2011]

<latexit sha1_base64="4mBB6YX6bqdMM8v3iaHFQXfXWq8="></latexit>

K = 1
2 m`2✓̇2, U = �mg` cos ✓,



Lagrangian Mechanics
Example: pendulum motion

<latexit sha1_base64="n/yCbhkGIBzrvdoipgZ5osN/8Ps="></latexit>

Configuration space: circle Q = S1

Position: (` sin ✓, �` cos ✓)
Speed: `✓̇

K = 1
2 m`2✓̇2, V = �mg` cos ✓,

L = 1
2m`2✓̇2 +mg` cos ✓.

<latexit sha1_base64="n/yCbhkGIBzrvdoipgZ5osN/8Ps="></latexit>

Configuration space: circle Q = S1

Position: (` sin ✓, �` cos ✓)
Speed: `✓̇

K = 1
2 m`2✓̇2, V = �mg` cos ✓,

L = 1
2m`2✓̇2 +mg` cos ✓.

<latexit sha1_base64="n/yCbhkGIBzrvdoipgZ5osN/8Ps="></latexit>

Configuration space: circle Q = S1

Position: (` sin ✓, �` cos ✓)
Speed: `✓̇

K = 1
2 m`2✓̇2, V = �mg` cos ✓,

L = 1
2m`2✓̇2 +mg` cos ✓.

<latexit sha1_base64="D7cSZVWn7PMbe05DIwdDmH1aYqI="></latexit>

@L

@✓̇
= m`2✓̇,

@L

@✓
= �mg` sin ✓,

<latexit sha1_base64="PQ5T3QXzGQMsK3KX2/d7oi5o1Xk="></latexit>

d

dt

�
m`2✓̇

�
+mg` sin ✓ = 0 () ✓̈ = �g

`
sin ✓.

<latexit sha1_base64="vzpp3kz9MUcXTRfKmWlm4I7n4ek=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL4tF8NKSFFGPRRE8eKhgW6ENZbOdpEs3m7i7EUqoF/+KFw+KePVfePPfuG1z0NYHA4/3ZpiZ58WcKW3b31ZuYXFpeSW/Wlhb39jcKm7vNFWUSAoNGvFI3nlEAWcCGpppDnexBBJ6HFre4GLstx5AKhaJWz2MwQ1JIJjPKNFG6hb3LhMOsly+JoEkIgAM90lmleyKPQGeJ05GSihDvVv86vQimoQgNOVEqbZjx9pNidSMchgVOomCmNABCaBtqCAhKDedfDDCh0bpYT+SpoTGE/X3REpCpYahZzpDovtq1huL/3ntRPtnbspEnGgQdLrITzjWER7HgXtMAtV8aAihkplbMe0TSag2oRVMCM7sy/OkWa04J5Xjm2qpdp7FkUf76AAdIQedohq6QnXUQBQ9omf0it6sJ+vFerc+pq05K5vZRX9gff4AAxSWoA==</latexit>

Euler–Lagrange equation

<latexit sha1_base64="L6XItVFTosMhO/kzoUZ6iDcH41Y=">AAAB+3icbZDLSgMxFIbPeK31VuvSTbAIrspMEXVZFMFlBXuBdiiZNNOGJpMxyYhl6Ku4caGIW1/EnW9jOp2Ftv4Q+PjPOZyTP4g508Z1v52V1bX1jc3CVnF7Z3dvv3RQbmmZKEKbRHKpOgHWlLOINg0znHZiRbEIOG0H4+tZvf1IlWYyujeTmPoCDyMWMoKNtfql8s1DkiGSIRJyblbcqpsJLYOXQwVyNfqlr95AkkTQyBCOte56bmz8FCvDCKfTYi/RNMZkjIe0azHCgmo/zW6fohPrDFAolX2RQZn7eyLFQuuJCGynwGakF2sz879aNzHhpZ+yKE4Mjch8UZhwZCSaBYEGTFFi+MQCJorZWxEZYYWJsXEVbQje4peXoVWreufVs7tapX6Vx1GAIziGU/DgAupwCw1oAoEneIZXeHOmzovz7nzMW1ecfOYQ/sj5/AHfP5RX</latexit>

Equation of motion

[Stündle, Animation einer Pendelschwingung, 2011]

<latexit sha1_base64="4mBB6YX6bqdMM8v3iaHFQXfXWq8="></latexit>

K = 1
2 m`2✓̇2, U = �mg` cos ✓,



Lagrangian Mechanics
Example: pendulum motion

<latexit sha1_base64="n/yCbhkGIBzrvdoipgZ5osN/8Ps="></latexit>

Configuration space: circle Q = S1

Position: (` sin ✓, �` cos ✓)
Speed: `✓̇

K = 1
2 m`2✓̇2, V = �mg` cos ✓,

L = 1
2m`2✓̇2 +mg` cos ✓.

<latexit sha1_base64="n/yCbhkGIBzrvdoipgZ5osN/8Ps="></latexit>

Configuration space: circle Q = S1

Position: (` sin ✓, �` cos ✓)
Speed: `✓̇

K = 1
2 m`2✓̇2, V = �mg` cos ✓,

L = 1
2m`2✓̇2 +mg` cos ✓.

<latexit sha1_base64="n/yCbhkGIBzrvdoipgZ5osN/8Ps="></latexit>

Configuration space: circle Q = S1

Position: (` sin ✓, �` cos ✓)
Speed: `✓̇

K = 1
2 m`2✓̇2, V = �mg` cos ✓,

L = 1
2m`2✓̇2 +mg` cos ✓.

<latexit sha1_base64="D7cSZVWn7PMbe05DIwdDmH1aYqI="></latexit>

@L

@✓̇
= m`2✓̇,

@L

@✓
= �mg` sin ✓,

<latexit sha1_base64="PQ5T3QXzGQMsK3KX2/d7oi5o1Xk="></latexit>

d

dt

�
m`2✓̇

�
+mg` sin ✓ = 0 () ✓̈ = �g

`
sin ✓.

<latexit sha1_base64="vzpp3kz9MUcXTRfKmWlm4I7n4ek=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL4tF8NKSFFGPRRE8eKhgW6ENZbOdpEs3m7i7EUqoF/+KFw+KePVfePPfuG1z0NYHA4/3ZpiZ58WcKW3b31ZuYXFpeSW/Wlhb39jcKm7vNFWUSAoNGvFI3nlEAWcCGpppDnexBBJ6HFre4GLstx5AKhaJWz2MwQ1JIJjPKNFG6hb3LhMOsly+JoEkIgAM90lmleyKPQGeJ05GSihDvVv86vQimoQgNOVEqbZjx9pNidSMchgVOomCmNABCaBtqCAhKDedfDDCh0bpYT+SpoTGE/X3REpCpYahZzpDovtq1huL/3ntRPtnbspEnGgQdLrITzjWER7HgXtMAtV8aAihkplbMe0TSag2oRVMCM7sy/OkWa04J5Xjm2qpdp7FkUf76AAdIQedohq6QnXUQBQ9omf0it6sJ+vFerc+pq05K5vZRX9gff4AAxSWoA==</latexit>

Euler–Lagrange equation

<latexit sha1_base64="L6XItVFTosMhO/kzoUZ6iDcH41Y=">AAAB+3icbZDLSgMxFIbPeK31VuvSTbAIrspMEXVZFMFlBXuBdiiZNNOGJpMxyYhl6Ku4caGIW1/EnW9jOp2Ftv4Q+PjPOZyTP4g508Z1v52V1bX1jc3CVnF7Z3dvv3RQbmmZKEKbRHKpOgHWlLOINg0znHZiRbEIOG0H4+tZvf1IlWYyujeTmPoCDyMWMoKNtfql8s1DkiGSIRJyblbcqpsJLYOXQwVyNfqlr95AkkTQyBCOte56bmz8FCvDCKfTYi/RNMZkjIe0azHCgmo/zW6fohPrDFAolX2RQZn7eyLFQuuJCGynwGakF2sz879aNzHhpZ+yKE4Mjch8UZhwZCSaBYEGTFFi+MQCJorZWxEZYYWJsXEVbQje4peXoVWreufVs7tapX6Vx1GAIziGU/DgAupwCw1oAoEneIZXeHOmzovz7nzMW1ecfOYQ/sj5/AHfP5RX</latexit>

Equation of motion Conjugate momentum
[Stündle, Animation einer Pendelschwingung, 2011]

<latexit sha1_base64="4mBB6YX6bqdMM8v3iaHFQXfXWq8="></latexit>

K = 1
2 m`2✓̇2, U = �mg` cos ✓,



<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

Configuration space

<latexit sha1_base64="xlwLmymqRCYeSwFxdCd2eQGnKqk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4TyQuSEGYns8mQ2dllplcIS/7AiwdFvPpH3vwbJ8keNLGgoajqprvLj6Uw6LrfTm5jc2t7J79b2Ns/ODwqHp+0TJRoxpsskpHu+NRwKRRvokDJO7HmNPQlb/uT+7nffuLaiEg1cBrzfkhHSgSCUbTSY6M+KJbcsrsAWSdeRkqQoTYofvWGEUtCrpBJakzXc2Psp1SjYJLPCr3E8JiyCR3xrqWKhtz008WlM3JhlSEJIm1LIVmovydSGhozDX3bGVIcm1VvLv7ndRMMbvupUHGCXLHloiCRBCMyf5sMheYM5dQSyrSwtxI2ppoytOEUbAje6svrpHVV9irlSv26VL3L4sjDGZzDJXhwA1V4gBo0gUEAz/AKb87EeXHenY9la87JZk7hD5zPH1NGjT4=</latexit>

TQ

Kinematic space  
(tangent bundle)

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="W0kVOUk9nwJ0KK9oiDxzFGshZZo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRqS6LblxWsA9sh5JJ0zY0k5kmd4Qy9C/cuFDErX/jzr8xfSy09UDgcM495N4TxFIYdN1vZ2V1bX1jM7OV3d7Z3dvPHRzWTJRoxqsskpFuBNRwKRSvokDJG7HmNAwkrweD24lff+LaiEg94Cjmfkh7SnQFo2ilx8LwvNWJkAzP2rm8W3SnIMvEm5M8zFFp575skiUhV8gkNabpuTH6KdUomOTjbCsxPKZsQHu8aamiITd+Ot14TE6t0iHdSNunkEzV34mUhsaMwsBOhhT7ZtGbiP95zQS7134qVJwgV2z2UTeRBCMyOZ90hOYM5cgSyrSwuxLWp5oytCVlbQne4snLpHZR9ErF0v1lvnwzryMDx3ACBfDgCspwBxWoAgMFz/AKb45xXpx352M2uuLMM0fwB87nD04ikAs=</latexit>

(q, q̇)

<latexit sha1_base64="+ho7eJAZUH76sRsScdORTbktMYY=">AAAB63icbVBNSwMxEJ31s9avqkcvwSKIh7IrUj0WvXhsoV/QriWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dtbWNza3tgs7xd29/YPD0tFxW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcp/5nSeqNItk00xj6gs8kixkBJtMaj5eNgalsltx50CrxMtJGXLUB6Wv/jAiiaDSEI617nlubPwUK8MIp7NiP9E0xmSCR7RnqcSCaj+d3zpD51YZojBStqRBc/X3RIqF1lMR2E6BzVgve5n4n9dLTHjrp0zGiaGSLBaFCUcmQtnjaMgUJYZPLcFEMXsrImOsMDE2nqINwVt+eZW0rypetVJtXJdrd3kcBTiFM7gAD26gBg9QhxYQGMMzvMKbI5wX5935WLSuOfnMCfyB8/kDbNGN2g==</latexit>

T ⇤Q

Phase space 
(co-tangent bundle)

<latexit sha1_base64="EYr8GD2iUhPnYSQ75AoCW0TIPUY=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEqSNkVqR6LXjxWcNtCu5Rsmm1Ds9k1yQpl6W/w4kERr/4gb/4b03YP2vpg4PHeDDPzgkRwbRznG62srq1vbBa2its7u3v7pYPDpo5TRZlHYxGrdkA0E1wyz3AjWDtRjESBYK1gdDv1W09MaR7LBzNOmB+RgeQhp8RYyas8nidnvVLZqToz4GXi5qQMORq90le3H9M0YtJQQbTuuE5i/Iwow6lgk2I31SwhdEQGrGOpJBHTfjY7doJPrdLHYaxsSYNn6u+JjERaj6PAdkbEDPWiNxX/8zqpCa/9jMskNUzS+aIwFdjEePo57nPFqBFjSwhV3N6K6ZAoQo3Np2hDcBdfXibNi6pbq9buL8v1mzyOAhzDCVTAhSuowx00wAMKHJ7hFd6QRC/oHX3MW1dQPnMEf4A+fwDc2I4V</latexit>

(q, p)

<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q
<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

Configuration space

From Lagrangian to Hamiltonian Mechanics



<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

Configuration space

<latexit sha1_base64="xlwLmymqRCYeSwFxdCd2eQGnKqk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4TyQuSEGYns8mQ2dllplcIS/7AiwdFvPpH3vwbJ8keNLGgoajqprvLj6Uw6LrfTm5jc2t7J79b2Ns/ODwqHp+0TJRoxpsskpHu+NRwKRRvokDJO7HmNPQlb/uT+7nffuLaiEg1cBrzfkhHSgSCUbTSY6M+KJbcsrsAWSdeRkqQoTYofvWGEUtCrpBJakzXc2Psp1SjYJLPCr3E8JiyCR3xrqWKhtz008WlM3JhlSEJIm1LIVmovydSGhozDX3bGVIcm1VvLv7ndRMMbvupUHGCXLHloiCRBCMyf5sMheYM5dQSyrSwtxI2ppoytOEUbAje6svrpHVV9irlSv26VL3L4sjDGZzDJXhwA1V4gBo0gUEAz/AKb87EeXHenY9la87JZk7hD5zPH1NGjT4=</latexit>

TQ

Kinematic space  
(tangent bundle)

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="W0kVOUk9nwJ0KK9oiDxzFGshZZo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRqS6LblxWsA9sh5JJ0zY0k5kmd4Qy9C/cuFDErX/jzr8xfSy09UDgcM495N4TxFIYdN1vZ2V1bX1jM7OV3d7Z3dvPHRzWTJRoxqsskpFuBNRwKRSvokDJG7HmNAwkrweD24lff+LaiEg94Cjmfkh7SnQFo2ilx8LwvNWJkAzP2rm8W3SnIMvEm5M8zFFp575skiUhV8gkNabpuTH6KdUomOTjbCsxPKZsQHu8aamiITd+Ot14TE6t0iHdSNunkEzV34mUhsaMwsBOhhT7ZtGbiP95zQS7134qVJwgV2z2UTeRBCMyOZ90hOYM5cgSyrSwuxLWp5oytCVlbQne4snLpHZR9ErF0v1lvnwzryMDx3ACBfDgCspwBxWoAgMFz/AKb45xXpx352M2uuLMM0fwB87nD04ikAs=</latexit>

(q, q̇)

<latexit sha1_base64="+ho7eJAZUH76sRsScdORTbktMYY=">AAAB63icbVBNSwMxEJ31s9avqkcvwSKIh7IrUj0WvXhsoV/QriWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dtbWNza3tgs7xd29/YPD0tFxW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcp/5nSeqNItk00xj6gs8kixkBJtMaj5eNgalsltx50CrxMtJGXLUB6Wv/jAiiaDSEI617nlubPwUK8MIp7NiP9E0xmSCR7RnqcSCaj+d3zpD51YZojBStqRBc/X3RIqF1lMR2E6BzVgve5n4n9dLTHjrp0zGiaGSLBaFCUcmQtnjaMgUJYZPLcFEMXsrImOsMDE2nqINwVt+eZW0rypetVJtXJdrd3kcBTiFM7gAD26gBg9QhxYQGMMzvMKbI5wX5935WLSuOfnMCfyB8/kDbNGN2g==</latexit>

T ⇤Q

Phase space 
(co-tangent bundle)

<latexit sha1_base64="EYr8GD2iUhPnYSQ75AoCW0TIPUY=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEqSNkVqR6LXjxWcNtCu5Rsmm1Ds9k1yQpl6W/w4kERr/4gb/4b03YP2vpg4PHeDDPzgkRwbRznG62srq1vbBa2its7u3v7pYPDpo5TRZlHYxGrdkA0E1wyz3AjWDtRjESBYK1gdDv1W09MaR7LBzNOmB+RgeQhp8RYyas8nidnvVLZqToz4GXi5qQMORq90le3H9M0YtJQQbTuuE5i/Iwow6lgk2I31SwhdEQGrGOpJBHTfjY7doJPrdLHYaxsSYNn6u+JjERaj6PAdkbEDPWiNxX/8zqpCa/9jMskNUzS+aIwFdjEePo57nPFqBFjSwhV3N6K6ZAoQo3Np2hDcBdfXibNi6pbq9buL8v1mzyOAhzDCVTAhSuowx00wAMKHJ7hFd6QRC/oHX3MW1dQPnMEf4A+fwDc2I4V</latexit>

(q, p)

<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q
<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

Configuration space

From Lagrangian to Hamiltonian Mechanics

Legendre Transform
<latexit sha1_base64="9p6SRnLg/FXcriYsbyqEreLqVkw="></latexit>

H(q, p) = sup
q̇
[hp|q̇i � L(q, q̇)]

= K + U



<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

Configuration space

<latexit sha1_base64="xlwLmymqRCYeSwFxdCd2eQGnKqk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4TyQuSEGYns8mQ2dllplcIS/7AiwdFvPpH3vwbJ8keNLGgoajqprvLj6Uw6LrfTm5jc2t7J79b2Ns/ODwqHp+0TJRoxpsskpHu+NRwKRRvokDJO7HmNPQlb/uT+7nffuLaiEg1cBrzfkhHSgSCUbTSY6M+KJbcsrsAWSdeRkqQoTYofvWGEUtCrpBJakzXc2Psp1SjYJLPCr3E8JiyCR3xrqWKhtz008WlM3JhlSEJIm1LIVmovydSGhozDX3bGVIcm1VvLv7ndRMMbvupUHGCXLHloiCRBCMyf5sMheYM5dQSyrSwtxI2ppoytOEUbAje6svrpHVV9irlSv26VL3L4sjDGZzDJXhwA1V4gBo0gUEAz/AKb87EeXHenY9la87JZk7hD5zPH1NGjT4=</latexit>

TQ

Kinematic space  
(tangent bundle)

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="W0kVOUk9nwJ0KK9oiDxzFGshZZo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRqS6LblxWsA9sh5JJ0zY0k5kmd4Qy9C/cuFDErX/jzr8xfSy09UDgcM495N4TxFIYdN1vZ2V1bX1jM7OV3d7Z3dvPHRzWTJRoxqsskpFuBNRwKRSvokDJG7HmNAwkrweD24lff+LaiEg94Cjmfkh7SnQFo2ilx8LwvNWJkAzP2rm8W3SnIMvEm5M8zFFp575skiUhV8gkNabpuTH6KdUomOTjbCsxPKZsQHu8aamiITd+Ot14TE6t0iHdSNunkEzV34mUhsaMwsBOhhT7ZtGbiP95zQS7134qVJwgV2z2UTeRBCMyOZ90hOYM5cgSyrSwuxLWp5oytCVlbQne4snLpHZR9ErF0v1lvnwzryMDx3ACBfDgCspwBxWoAgMFz/AKb45xXpx352M2uuLMM0fwB87nD04ikAs=</latexit>

(q, q̇)

<latexit sha1_base64="+ho7eJAZUH76sRsScdORTbktMYY=">AAAB63icbVBNSwMxEJ31s9avqkcvwSKIh7IrUj0WvXhsoV/QriWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dtbWNza3tgs7xd29/YPD0tFxW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcp/5nSeqNItk00xj6gs8kixkBJtMaj5eNgalsltx50CrxMtJGXLUB6Wv/jAiiaDSEI617nlubPwUK8MIp7NiP9E0xmSCR7RnqcSCaj+d3zpD51YZojBStqRBc/X3RIqF1lMR2E6BzVgve5n4n9dLTHjrp0zGiaGSLBaFCUcmQtnjaMgUJYZPLcFEMXsrImOsMDE2nqINwVt+eZW0rypetVJtXJdrd3kcBTiFM7gAD26gBg9QhxYQGMMzvMKbI5wX5935WLSuOfnMCfyB8/kDbNGN2g==</latexit>

T ⇤Q

Phase space 
(co-tangent bundle)

<latexit sha1_base64="EYr8GD2iUhPnYSQ75AoCW0TIPUY=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEqSNkVqR6LXjxWcNtCu5Rsmm1Ds9k1yQpl6W/w4kERr/4gb/4b03YP2vpg4PHeDDPzgkRwbRznG62srq1vbBa2its7u3v7pYPDpo5TRZlHYxGrdkA0E1wyz3AjWDtRjESBYK1gdDv1W09MaR7LBzNOmB+RgeQhp8RYyas8nidnvVLZqToz4GXi5qQMORq90le3H9M0YtJQQbTuuE5i/Iwow6lgk2I31SwhdEQGrGOpJBHTfjY7doJPrdLHYaxsSYNn6u+JjERaj6PAdkbEDPWiNxX/8zqpCa/9jMskNUzS+aIwFdjEePo57nPFqBFjSwhV3N6K6ZAoQo3Np2hDcBdfXibNi6pbq9buL8v1mzyOAhzDCVTAhSuowx00wAMKHJ7hFd6QRC/oHX3MW1dQPnMEf4A+fwDc2I4V</latexit>

(q, p)

<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q
<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

Configuration space

Legendre Transform

Hamilton’s Equations
<latexit sha1_base64="BkQf84/AbnbHMva7SREEkvCwc0Q="></latexit>

q̇ =
@H

@p

<latexit sha1_base64="QALHNjssJJ9zVmRRg3X9JZrRC+I="></latexit>

ṗ = �@H

@q

From Lagrangian to Hamiltonian Mechanics

<latexit sha1_base64="9p6SRnLg/FXcriYsbyqEreLqVkw="></latexit>

H(q, p) = sup
q̇
[hp|q̇i � L(q, q̇)]

= K + U



<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

Configuration space

<latexit sha1_base64="xlwLmymqRCYeSwFxdCd2eQGnKqk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4TyQuSEGYns8mQ2dllplcIS/7AiwdFvPpH3vwbJ8keNLGgoajqprvLj6Uw6LrfTm5jc2t7J79b2Ns/ODwqHp+0TJRoxpsskpHu+NRwKRRvokDJO7HmNPQlb/uT+7nffuLaiEg1cBrzfkhHSgSCUbTSY6M+KJbcsrsAWSdeRkqQoTYofvWGEUtCrpBJakzXc2Psp1SjYJLPCr3E8JiyCR3xrqWKhtz008WlM3JhlSEJIm1LIVmovydSGhozDX3bGVIcm1VvLv7ndRMMbvupUHGCXLHloiCRBCMyf5sMheYM5dQSyrSwtxI2ppoytOEUbAje6svrpHVV9irlSv26VL3L4sjDGZzDJXhwA1V4gBo0gUEAz/AKb87EeXHenY9la87JZk7hD5zPH1NGjT4=</latexit>

TQ

Kinematic space  
(tangent bundle)

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="W0kVOUk9nwJ0KK9oiDxzFGshZZo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRqS6LblxWsA9sh5JJ0zY0k5kmd4Qy9C/cuFDErX/jzr8xfSy09UDgcM495N4TxFIYdN1vZ2V1bX1jM7OV3d7Z3dvPHRzWTJRoxqsskpFuBNRwKRSvokDJG7HmNAwkrweD24lff+LaiEg94Cjmfkh7SnQFo2ilx8LwvNWJkAzP2rm8W3SnIMvEm5M8zFFp575skiUhV8gkNabpuTH6KdUomOTjbCsxPKZsQHu8aamiITd+Ot14TE6t0iHdSNunkEzV34mUhsaMwsBOhhT7ZtGbiP95zQS7134qVJwgV2z2UTeRBCMyOZ90hOYM5cgSyrSwuxLWp5oytCVlbQne4snLpHZR9ErF0v1lvnwzryMDx3ACBfDgCspwBxWoAgMFz/AKb45xXpx352M2uuLMM0fwB87nD04ikAs=</latexit>

(q, q̇)

<latexit sha1_base64="+ho7eJAZUH76sRsScdORTbktMYY=">AAAB63icbVBNSwMxEJ31s9avqkcvwSKIh7IrUj0WvXhsoV/QriWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dtbWNza3tgs7xd29/YPD0tFxW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcp/5nSeqNItk00xj6gs8kixkBJtMaj5eNgalsltx50CrxMtJGXLUB6Wv/jAiiaDSEI617nlubPwUK8MIp7NiP9E0xmSCR7RnqcSCaj+d3zpD51YZojBStqRBc/X3RIqF1lMR2E6BzVgve5n4n9dLTHjrp0zGiaGSLBaFCUcmQtnjaMgUJYZPLcFEMXsrImOsMDE2nqINwVt+eZW0rypetVJtXJdrd3kcBTiFM7gAD26gBg9QhxYQGMMzvMKbI5wX5935WLSuOfnMCfyB8/kDbNGN2g==</latexit>

T ⇤Q

Phase space 
(co-tangent bundle)

<latexit sha1_base64="EYr8GD2iUhPnYSQ75AoCW0TIPUY=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEqSNkVqR6LXjxWcNtCu5Rsmm1Ds9k1yQpl6W/w4kERr/4gb/4b03YP2vpg4PHeDDPzgkRwbRznG62srq1vbBa2its7u3v7pYPDpo5TRZlHYxGrdkA0E1wyz3AjWDtRjESBYK1gdDv1W09MaR7LBzNOmB+RgeQhp8RYyas8nidnvVLZqToz4GXi5qQMORq90le3H9M0YtJQQbTuuE5i/Iwow6lgk2I31SwhdEQGrGOpJBHTfjY7doJPrdLHYaxsSYNn6u+JjERaj6PAdkbEDPWiNxX/8zqpCa/9jMskNUzS+aIwFdjEePo57nPFqBFjSwhV3N6K6ZAoQo3Np2hDcBdfXibNi6pbq9buL8v1mzyOAhzDCVTAhSuowx00wAMKHJ7hFd6QRC/oHX3MW1dQPnMEf4A+fwDc2I4V</latexit>

(q, p)

<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q
<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

Configuration space

From Lagrangian to Hamiltonian Mechanics

Legendre Transform

Hamilton’s Equations

<latexit sha1_base64="9p6SRnLg/FXcriYsbyqEreLqVkw="></latexit>

H(q, p) = sup
q̇
[hp|q̇i � L(q, q̇)]

= K + U

<latexit sha1_base64="8O3drgsJneoN8L5R87uzjgi8Xpg="></latexit>
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<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

Configuration space

<latexit sha1_base64="xlwLmymqRCYeSwFxdCd2eQGnKqk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4TyQuSEGYns8mQ2dllplcIS/7AiwdFvPpH3vwbJ8keNLGgoajqprvLj6Uw6LrfTm5jc2t7J79b2Ns/ODwqHp+0TJRoxpsskpHu+NRwKRRvokDJO7HmNPQlb/uT+7nffuLaiEg1cBrzfkhHSgSCUbTSY6M+KJbcsrsAWSdeRkqQoTYofvWGEUtCrpBJakzXc2Psp1SjYJLPCr3E8JiyCR3xrqWKhtz008WlM3JhlSEJIm1LIVmovydSGhozDX3bGVIcm1VvLv7ndRMMbvupUHGCXLHloiCRBCMyf5sMheYM5dQSyrSwtxI2ppoytOEUbAje6svrpHVV9irlSv26VL3L4sjDGZzDJXhwA1V4gBo0gUEAz/AKb87EeXHenY9la87JZk7hD5zPH1NGjT4=</latexit>

TQ

Kinematic space  
(tangent bundle)

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="W0kVOUk9nwJ0KK9oiDxzFGshZZo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRqS6LblxWsA9sh5JJ0zY0k5kmd4Qy9C/cuFDErX/jzr8xfSy09UDgcM495N4TxFIYdN1vZ2V1bX1jM7OV3d7Z3dvPHRzWTJRoxqsskpFuBNRwKRSvokDJG7HmNAwkrweD24lff+LaiEg94Cjmfkh7SnQFo2ilx8LwvNWJkAzP2rm8W3SnIMvEm5M8zFFp575skiUhV8gkNabpuTH6KdUomOTjbCsxPKZsQHu8aamiITd+Ot14TE6t0iHdSNunkEzV34mUhsaMwsBOhhT7ZtGbiP95zQS7134qVJwgV2z2UTeRBCMyOZ90hOYM5cgSyrSwuxLWp5oytCVlbQne4snLpHZR9ErF0v1lvnwzryMDx3ACBfDgCspwBxWoAgMFz/AKb45xXpx352M2uuLMM0fwB87nD04ikAs=</latexit>

(q, q̇)

<latexit sha1_base64="+ho7eJAZUH76sRsScdORTbktMYY=">AAAB63icbVBNSwMxEJ31s9avqkcvwSKIh7IrUj0WvXhsoV/QriWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dtbWNza3tgs7xd29/YPD0tFxW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcp/5nSeqNItk00xj6gs8kixkBJtMaj5eNgalsltx50CrxMtJGXLUB6Wv/jAiiaDSEI617nlubPwUK8MIp7NiP9E0xmSCR7RnqcSCaj+d3zpD51YZojBStqRBc/X3RIqF1lMR2E6BzVgve5n4n9dLTHjrp0zGiaGSLBaFCUcmQtnjaMgUJYZPLcFEMXsrImOsMDE2nqINwVt+eZW0rypetVJtXJdrd3kcBTiFM7gAD26gBg9QhxYQGMMzvMKbI5wX5935WLSuOfnMCfyB8/kDbNGN2g==</latexit>

T ⇤Q

Phase space 
(co-tangent bundle)

<latexit sha1_base64="EYr8GD2iUhPnYSQ75AoCW0TIPUY=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEqSNkVqR6LXjxWcNtCu5Rsmm1Ds9k1yQpl6W/w4kERr/4gb/4b03YP2vpg4PHeDDPzgkRwbRznG62srq1vbBa2its7u3v7pYPDpo5TRZlHYxGrdkA0E1wyz3AjWDtRjESBYK1gdDv1W09MaR7LBzNOmB+RgeQhp8RYyas8nidnvVLZqToz4GXi5qQMORq90le3H9M0YtJQQbTuuE5i/Iwow6lgk2I31SwhdEQGrGOpJBHTfjY7doJPrdLHYaxsSYNn6u+JjERaj6PAdkbEDPWiNxX/8zqpCa/9jMskNUzS+aIwFdjEePo57nPFqBFjSwhV3N6K6ZAoQo3Np2hDcBdfXibNi6pbq9buL8v1mzyOAhzDCVTAhSuowx00wAMKHJ7hFd6QRC/oHX3MW1dQPnMEf4A+fwDc2I4V</latexit>

(q, p)

<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q
<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

Configuration space

From Lagrangian to Hamiltonian Mechanics

Legendre Transform

Hamilton’s Equations

<latexit sha1_base64="9p6SRnLg/FXcriYsbyqEreLqVkw="></latexit>

H(q, p) = sup
q̇
[hp|q̇i � L(q, q̇)]

= K + U

<latexit sha1_base64="8O3drgsJneoN8L5R87uzjgi8Xpg="></latexit>

d
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Symplectic Geometry

: a 2-form that is
A symplectic manifold is a pair 

<latexit sha1_base64="QfwiK8KNvakEAFkJQEzmOMg1Yq8="></latexit>

(⌃,�)
Definition: Symplectic Manifold

(1) non-degenerate: 
(2) closed: 

is invertible

<latexit sha1_base64="7SJKGeO2+sQJaZjo+zfsaVGUCB8="></latexit>�
<latexit sha1_base64="oP4KSvMOi33lQiUoJF/+8id/Mqw="></latexit>

X ! �(X , ·)
<latexit sha1_base64="66rIEImPUOjs7in5aqxD/J2rITA="></latexit>

d� = 0



Symplectic Geometry

: a 2-form that is
A symplectic manifold is a pair 

<latexit sha1_base64="QfwiK8KNvakEAFkJQEzmOMg1Yq8="></latexit>

(⌃,�)
Definition: Symplectic Manifold

(1) non-degenerate: 
(2) closed: 

is invertible

<latexit sha1_base64="7SJKGeO2+sQJaZjo+zfsaVGUCB8="></latexit>�
<latexit sha1_base64="oP4KSvMOi33lQiUoJF/+8id/Mqw="></latexit>

X ! �(X , ·)
<latexit sha1_base64="66rIEImPUOjs7in5aqxD/J2rITA="></latexit>

d� = 0



Symplectic Geometry
 gives us a pair of musical isomorphisms.<latexit sha1_base64="7SJKGeO2+sQJaZjo+zfsaVGUCB8="></latexit>�

<latexit sha1_base64="6giz+2KOhQfFwwK3dDnWaTON7Hs="></latexit>

sgrad H = ](dH), equivalently ◆sgrad H � = dH.

<latexit sha1_base64="CbEfTCBVNjeL4slEYvDddR3nsH8="></latexit>

[ : Tx⌃! T ⇤x⌃, [(X ) = ◆X� = �(X , · ), ]= [�1

Then the symplectic gradient of a hamiltonian      is:
<latexit sha1_base64="6giz+2KOhQfFwwK3dDnWaTON7Hs="></latexit>

sgrad H = ](dH), equivalently ◆sgrad H � = dH.
<latexit sha1_base64="6giz+2KOhQfFwwK3dDnWaTON7Hs="></latexit>

sgrad H = ](dH), equivalently ◆sgrad H � = dH.or equivalently 



Symplectic Geometry
 gives us a pair of musical isomorphisms.<latexit sha1_base64="7SJKGeO2+sQJaZjo+zfsaVGUCB8="></latexit>�

<latexit sha1_base64="6giz+2KOhQfFwwK3dDnWaTON7Hs="></latexit>

sgrad H = ](dH), equivalently ◆sgrad H � = dH.

<latexit sha1_base64="CbEfTCBVNjeL4slEYvDddR3nsH8="></latexit>

[ : Tx⌃! T ⇤x⌃, [(X ) = ◆X� = �(X , · ), ]= [�1

Then the symplectic gradient of a hamiltonian      is:
<latexit sha1_base64="6giz+2KOhQfFwwK3dDnWaTON7Hs="></latexit>

sgrad H = ](dH), equivalently ◆sgrad H � = dH.
<latexit sha1_base64="6giz+2KOhQfFwwK3dDnWaTON7Hs="></latexit>

sgrad H = ](dH), equivalently ◆sgrad H � = dH.or equivalently 



Symplectic Geometry

Hamiltonian flow

 gives us a pair of musical isomorphisms.<latexit sha1_base64="7SJKGeO2+sQJaZjo+zfsaVGUCB8="></latexit>�

<latexit sha1_base64="6giz+2KOhQfFwwK3dDnWaTON7Hs="></latexit>

sgrad H = ](dH), equivalently ◆sgrad H � = dH.

<latexit sha1_base64="CbEfTCBVNjeL4slEYvDddR3nsH8="></latexit>

[ : Tx⌃! T ⇤x⌃, [(X ) = ◆X� = �(X , · ), ]= [�1

Then the symplectic gradient of a hamiltonian      is:
<latexit sha1_base64="6giz+2KOhQfFwwK3dDnWaTON7Hs="></latexit>

sgrad H = ](dH), equivalently ◆sgrad H � = dH.
<latexit sha1_base64="6giz+2KOhQfFwwK3dDnWaTON7Hs="></latexit>

sgrad H = ](dH), equivalently ◆sgrad H � = dH.or equivalently 



Symplectic Geometry

Hamiltonian flow
 i.e., the solutions to

<latexit sha1_base64="F4fZSM1NHekKN8rptdQPboRvNso="></latexit>

ẋ = � sgrad H

 gives us a pair of musical isomorphisms.<latexit sha1_base64="7SJKGeO2+sQJaZjo+zfsaVGUCB8="></latexit>�

<latexit sha1_base64="6giz+2KOhQfFwwK3dDnWaTON7Hs="></latexit>

sgrad H = ](dH), equivalently ◆sgrad H � = dH.

<latexit sha1_base64="CbEfTCBVNjeL4slEYvDddR3nsH8="></latexit>

[ : Tx⌃! T ⇤x⌃, [(X ) = ◆X� = �(X , · ), ]= [�1

Then the symplectic gradient of a hamiltonian      is:
<latexit sha1_base64="6giz+2KOhQfFwwK3dDnWaTON7Hs="></latexit>

sgrad H = ](dH), equivalently ◆sgrad H � = dH.
<latexit sha1_base64="6giz+2KOhQfFwwK3dDnWaTON7Hs="></latexit>

sgrad H = ](dH), equivalently ◆sgrad H � = dH.or equivalently 



Symplectic Geometry

Hamiltonian flow
 i.e., the solutions to

<latexit sha1_base64="F4fZSM1NHekKN8rptdQPboRvNso="></latexit>

ẋ = � sgrad H

 gives us a pair of musical isomorphisms.<latexit sha1_base64="7SJKGeO2+sQJaZjo+zfsaVGUCB8="></latexit>�

<latexit sha1_base64="6giz+2KOhQfFwwK3dDnWaTON7Hs="></latexit>

sgrad H = ](dH), equivalently ◆sgrad H � = dH.

<latexit sha1_base64="CbEfTCBVNjeL4slEYvDddR3nsH8="></latexit>

[ : Tx⌃! T ⇤x⌃, [(X ) = ◆X� = �(X , · ), ]= [�1

Then the symplectic gradient of a hamiltonian      is:
<latexit sha1_base64="6giz+2KOhQfFwwK3dDnWaTON7Hs="></latexit>

sgrad H = ](dH), equivalently ◆sgrad H � = dH.
<latexit sha1_base64="6giz+2KOhQfFwwK3dDnWaTON7Hs="></latexit>

sgrad H = ](dH), equivalently ◆sgrad H � = dH.or equivalently 



Symplectic Geometry
Liouville’s Theorem

<latexit sha1_base64="DHhGn3hds9BjwElak4axzmcW2yg="></latexit>

For any H, the Hamiltonian flow preserves the symplectic form: Lsgrad H � = 0
<latexit sha1_base64="DHhGn3hds9BjwElak4axzmcW2yg="></latexit>

For any H, the Hamiltonian flow preserves the symplectic form: Lsgrad H � = 0
<latexit sha1_base64="DHhGn3hds9BjwElak4axzmcW2yg="></latexit>

For any H, the Hamiltonian flow preserves the symplectic form: Lsgrad H � = 0



Symplectic Geometry
Liouville’s Theorem

<latexit sha1_base64="DHhGn3hds9BjwElak4axzmcW2yg="></latexit>

For any H, the Hamiltonian flow preserves the symplectic form: Lsgrad H � = 0
<latexit sha1_base64="DHhGn3hds9BjwElak4axzmcW2yg="></latexit>

For any H, the Hamiltonian flow preserves the symplectic form: Lsgrad H � = 0
<latexit sha1_base64="DHhGn3hds9BjwElak4axzmcW2yg="></latexit>

For any H, the Hamiltonian flow preserves the symplectic form: Lsgrad H � = 0



<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

<latexit sha1_base64="xlwLmymqRCYeSwFxdCd2eQGnKqk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4TyQuSEGYns8mQ2dllplcIS/7AiwdFvPpH3vwbJ8keNLGgoajqprvLj6Uw6LrfTm5jc2t7J79b2Ns/ODwqHp+0TJRoxpsskpHu+NRwKRRvokDJO7HmNPQlb/uT+7nffuLaiEg1cBrzfkhHSgSCUbTSY6M+KJbcsrsAWSdeRkqQoTYofvWGEUtCrpBJakzXc2Psp1SjYJLPCr3E8JiyCR3xrqWKhtz008WlM3JhlSEJIm1LIVmovydSGhozDX3bGVIcm1VvLv7ndRMMbvupUHGCXLHloiCRBCMyf5sMheYM5dQSyrSwtxI2ppoytOEUbAje6svrpHVV9irlSv26VL3L4sjDGZzDJXhwA1V4gBo0gUEAz/AKb87EeXHenY9la87JZk7hD5zPH1NGjT4=</latexit>

TQ

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="W0kVOUk9nwJ0KK9oiDxzFGshZZo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRqS6LblxWsA9sh5JJ0zY0k5kmd4Qy9C/cuFDErX/jzr8xfSy09UDgcM495N4TxFIYdN1vZ2V1bX1jM7OV3d7Z3dvPHRzWTJRoxqsskpFuBNRwKRSvokDJG7HmNAwkrweD24lff+LaiEg94Cjmfkh7SnQFo2ilx8LwvNWJkAzP2rm8W3SnIMvEm5M8zFFp575skiUhV8gkNabpuTH6KdUomOTjbCsxPKZsQHu8aamiITd+Ot14TE6t0iHdSNunkEzV34mUhsaMwsBOhhT7ZtGbiP95zQS7134qVJwgV2z2UTeRBCMyOZ90hOYM5cgSyrSwuxLWp5oytCVlbQne4snLpHZR9ErF0v1lvnwzryMDx3ACBfDgCspwBxWoAgMFz/AKb45xXpx352M2uuLMM0fwB87nD04ikAs=</latexit>

(q, q̇)

<latexit sha1_base64="+ho7eJAZUH76sRsScdORTbktMYY=">AAAB63icbVBNSwMxEJ31s9avqkcvwSKIh7IrUj0WvXhsoV/QriWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dtbWNza3tgs7xd29/YPD0tFxW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcp/5nSeqNItk00xj6gs8kixkBJtMaj5eNgalsltx50CrxMtJGXLUB6Wv/jAiiaDSEI617nlubPwUK8MIp7NiP9E0xmSCR7RnqcSCaj+d3zpD51YZojBStqRBc/X3RIqF1lMR2E6BzVgve5n4n9dLTHjrp0zGiaGSLBaFCUcmQtnjaMgUJYZPLcFEMXsrImOsMDE2nqINwVt+eZW0rypetVJtXJdrd3kcBTiFM7gAD26gBg9QhxYQGMMzvMKbI5wX5935WLSuOfnMCfyB8/kDbNGN2g==</latexit>

T ⇤Q

<latexit sha1_base64="EYr8GD2iUhPnYSQ75AoCW0TIPUY=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEqSNkVqR6LXjxWcNtCu5Rsmm1Ds9k1yQpl6W/w4kERr/4gb/4b03YP2vpg4PHeDDPzgkRwbRznG62srq1vbBa2its7u3v7pYPDpo5TRZlHYxGrdkA0E1wyz3AjWDtRjESBYK1gdDv1W09MaR7LBzNOmB+RgeQhp8RYyas8nidnvVLZqToz4GXi5qQMORq90le3H9M0YtJQQbTuuE5i/Iwow6lgk2I31SwhdEQGrGOpJBHTfjY7doJPrdLHYaxsSYNn6u+JjERaj6PAdkbEDPWiNxX/8zqpCa/9jMskNUzS+aIwFdjEePo57nPFqBFjSwhV3N6K6ZAoQo3Np2hDcBdfXibNi6pbq9buL8v1mzyOAhzDCVTAhSuowx00wAMKHJ7hFd6QRC/oHX3MW1dQPnMEf4A+fwDc2I4V</latexit>

(q, p)

<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q
<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

Summary

Lagrangian Mechanics Hamiltonian Mechanics
<latexit sha1_base64="f6RZzG8OHPGZSqdurIs6vqMiGJA=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUsiRd0IRTeCLiqYttCGMplO7NDJJJ2ZCCV05cZfceNCEbd+gzv/xkmbhbYeGDicc++de48XMSqVZX0bubn5hcWl/HJhZXVtfcPc3KrLMBaYODhkoWh6SBJGOXEUVYw0I0FQ4DHS8PqXqd94IELSkN+pYUTcAN1z6lOMlJY65m47QKqHEUtuRqXBYbsbKjg4gOfwGh5Bp2MWrbI1BpwldkaKIEOtY37pCTgOCFeYISlbthUpN0FCUczIqNCOJYkQ7qN70tKUo4BINxmfMYL7WulCPxT6cQXH6u+OBAVSDgNPV6ZLy2kvFf/zWrHyz9yE8ihWhOPJR37MoAphmgnsUkGwYkNNEBZU7wpxDwmElU6uoEOwp0+eJfXjsn1SrtxWitWLLI482AF7oARscAqq4ArUgAMweATP4BW8GU/Gi/FufExKc0bWsw3+wPj8ASnylvw=</latexit>

L(q, q̇) = K � U
<latexit sha1_base64="yAWlo9CgEgesGoZpf6qz1BlJY48=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFqCglkaJehKKXgpcKpi20oWy2m3bpZhN3N0IJ9eJf8eJBEa/+C2/+GzdtDtr6YODx3gwz87yIUaks69vILSwuLa/kVwtr6xubW+b2TkOGscDEwSELRctDkjDKiaOoYqQVCYICj5GmN7xO/eYDEZKG/E6NIuIGqM+pTzFSWuqae50AqQFGLKmNS/cn0RG8hDfwGDpds2iVrQngPLEzUgQZ6l3zq9MLcRwQrjBDUrZtK1JugoSimJFxoRNLEiE8RH3S1pSjgEg3mXwwhoda6UE/FLq4ghP190SCAilHgac703vlrJeK/3ntWPkXbkJ5FCvC8XSRHzOoQpjGAXtUEKzYSBOEBdW3QjxAAmGlQyvoEOzZl+dJ47Rsn5Urt5Vi9SqLIw/2wQEoARucgyqogTpwAAaP4Bm8gjfjyXgx3o2PaWvOyGZ2wR8Ynz+JeZUA</latexit>

H(q, p) = K + U



<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

<latexit sha1_base64="xlwLmymqRCYeSwFxdCd2eQGnKqk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4TyQuSEGYns8mQ2dllplcIS/7AiwdFvPpH3vwbJ8keNLGgoajqprvLj6Uw6LrfTm5jc2t7J79b2Ns/ODwqHp+0TJRoxpsskpHu+NRwKRRvokDJO7HmNPQlb/uT+7nffuLaiEg1cBrzfkhHSgSCUbTSY6M+KJbcsrsAWSdeRkqQoTYofvWGEUtCrpBJakzXc2Psp1SjYJLPCr3E8JiyCR3xrqWKhtz008WlM3JhlSEJIm1LIVmovydSGhozDX3bGVIcm1VvLv7ndRMMbvupUHGCXLHloiCRBCMyf5sMheYM5dQSyrSwtxI2ppoytOEUbAje6svrpHVV9irlSv26VL3L4sjDGZzDJXhwA1V4gBo0gUEAz/AKb87EeXHenY9la87JZk7hD5zPH1NGjT4=</latexit>

TQ

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="W0kVOUk9nwJ0KK9oiDxzFGshZZo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRqS6LblxWsA9sh5JJ0zY0k5kmd4Qy9C/cuFDErX/jzr8xfSy09UDgcM495N4TxFIYdN1vZ2V1bX1jM7OV3d7Z3dvPHRzWTJRoxqsskpFuBNRwKRSvokDJG7HmNAwkrweD24lff+LaiEg94Cjmfkh7SnQFo2ilx8LwvNWJkAzP2rm8W3SnIMvEm5M8zFFp575skiUhV8gkNabpuTH6KdUomOTjbCsxPKZsQHu8aamiITd+Ot14TE6t0iHdSNunkEzV34mUhsaMwsBOhhT7ZtGbiP95zQS7134qVJwgV2z2UTeRBCMyOZ90hOYM5cgSyrSwuxLWp5oytCVlbQne4snLpHZR9ErF0v1lvnwzryMDx3ACBfDgCspwBxWoAgMFz/AKb45xXpx352M2uuLMM0fwB87nD04ikAs=</latexit>

(q, q̇)

<latexit sha1_base64="+ho7eJAZUH76sRsScdORTbktMYY=">AAAB63icbVBNSwMxEJ31s9avqkcvwSKIh7IrUj0WvXhsoV/QriWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dtbWNza3tgs7xd29/YPD0tFxW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcp/5nSeqNItk00xj6gs8kixkBJtMaj5eNgalsltx50CrxMtJGXLUB6Wv/jAiiaDSEI617nlubPwUK8MIp7NiP9E0xmSCR7RnqcSCaj+d3zpD51YZojBStqRBc/X3RIqF1lMR2E6BzVgve5n4n9dLTHjrp0zGiaGSLBaFCUcmQtnjaMgUJYZPLcFEMXsrImOsMDE2nqINwVt+eZW0rypetVJtXJdrd3kcBTiFM7gAD26gBg9QhxYQGMMzvMKbI5wX5935WLSuOfnMCfyB8/kDbNGN2g==</latexit>

T ⇤Q

<latexit sha1_base64="EYr8GD2iUhPnYSQ75AoCW0TIPUY=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEqSNkVqR6LXjxWcNtCu5Rsmm1Ds9k1yQpl6W/w4kERr/4gb/4b03YP2vpg4PHeDDPzgkRwbRznG62srq1vbBa2its7u3v7pYPDpo5TRZlHYxGrdkA0E1wyz3AjWDtRjESBYK1gdDv1W09MaR7LBzNOmB+RgeQhp8RYyas8nidnvVLZqToz4GXi5qQMORq90le3H9M0YtJQQbTuuE5i/Iwow6lgk2I31SwhdEQGrGOpJBHTfjY7doJPrdLHYaxsSYNn6u+JjERaj6PAdkbEDPWiNxX/8zqpCa/9jMskNUzS+aIwFdjEePo57nPFqBFjSwhV3N6K6ZAoQo3Np2hDcBdfXibNi6pbq9buL8v1mzyOAhzDCVTAhSuowx00wAMKHJ7hFd6QRC/oHX3MW1dQPnMEf4A+fwDc2I4V</latexit>

(q, p)

<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q
<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

Summary

Lagrangian Mechanics Hamiltonian Mechanics

Geometric Structures

<latexit sha1_base64="f6RZzG8OHPGZSqdurIs6vqMiGJA=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUsiRd0IRTeCLiqYttCGMplO7NDJJJ2ZCCV05cZfceNCEbd+gzv/xkmbhbYeGDicc++de48XMSqVZX0bubn5hcWl/HJhZXVtfcPc3KrLMBaYODhkoWh6SBJGOXEUVYw0I0FQ4DHS8PqXqd94IELSkN+pYUTcAN1z6lOMlJY65m47QKqHEUtuRqXBYbsbKjg4gOfwGh5Bp2MWrbI1BpwldkaKIEOtY37pCTgOCFeYISlbthUpN0FCUczIqNCOJYkQ7qN70tKUo4BINxmfMYL7WulCPxT6cQXH6u+OBAVSDgNPV6ZLy2kvFf/zWrHyz9yE8ihWhOPJR37MoAphmgnsUkGwYkNNEBZU7wpxDwmElU6uoEOwp0+eJfXjsn1SrtxWitWLLI482AF7oARscAqq4ArUgAMweATP4BW8GU/Gi/FufExKc0bWsw3+wPj8ASnylvw=</latexit>

L(q, q̇) = K � U
<latexit sha1_base64="yAWlo9CgEgesGoZpf6qz1BlJY48=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFqCglkaJehKKXgpcKpi20oWy2m3bpZhN3N0IJ9eJf8eJBEa/+C2/+GzdtDtr6YODx3gwz87yIUaks69vILSwuLa/kVwtr6xubW+b2TkOGscDEwSELRctDkjDKiaOoYqQVCYICj5GmN7xO/eYDEZKG/E6NIuIGqM+pTzFSWuqae50AqQFGLKmNS/cn0RG8hDfwGDpds2iVrQngPLEzUgQZ6l3zq9MLcRwQrjBDUrZtK1JugoSimJFxoRNLEiE8RH3S1pSjgEg3mXwwhoda6UE/FLq4ghP190SCAilHgac703vlrJeK/3ntWPkXbkJ5FCvC8XSRHzOoQpjGAXtUEKzYSBOEBdW3QjxAAmGlQyvoEOzZl+dJ47Rsn5Urt5Vi9SqLIw/2wQEoARucgyqogTpwAAaP4Bm8gjfjyXgx3o2PaWvOyGZ2wR8Ynz+JeZUA</latexit>

H(q, p) = K + U



Overview

Lagrangian and 
Hamiltonian Mechanics

Discretization as a  
constrained variational 

problem

Lie groups, Symmetry, 
and Reduction



Physical change of variables
Lie groups capture them

• All described using a change coordinates map  


• For example: ,   , or   

<latexit sha1_base64="6iM2tNm4ZpEtDWVTIB2D4REocpI=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVHFVcONCoYJ9YDuUTHrbhmYyQ5IRytC/cONCEbf+jTv/xrSdhbYeCBzOuZfcc4JYcG1c99vJrayurW/kNwtb2zu7e8X9g4aOEsWwziIRqVZANQousW64EdiKFdIwENgMRtdTv/mESvNIPphxjH5IB5L3OaPGSo+DK3JHOiYizW6x5JbdGcgy8TJSggy1bvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns4gk5sUqP9CNlnzRkpv7eSGmo9TgM7GRIzVAvelPxP6+dmP6ln3IZJwYlm3/UTwSxEafxSY8rZEaMLaFMcXsrYUOqKDO2pIItwVuMvEwaZ2WvUq7cn5eqt1kdeTiCYzgFDy6gCjdQgzowkPAMr/DmaOfFeXc+5qM5J9s5hD9wPn8A8ZuP1w==</latexit>

g : M ! W
<latexit sha1_base64="ACCnyT0sC6BfZVzyYvKvhsAB1oM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dDBahbspMkeqy4MaFYEX7gHYsmTTThiaZIckoZeh/uHGhiFv/xZ1/Y6adhbYeCBzOuZd7cvyIUaUd59vKrayurW/kNwtb2zu7e8X9g5YKY4lJE4cslB0fKcKoIE1NNSOdSBLEfUba/vgy9duPRCoains9iYjH0VDQgGKkjfTQ40iPJE/ubqbl6mm/WHIqzgz2MnEzUoIMjX7xqzcIccyJ0JghpbquE2kvQVJTzMi00IsViRAeoyHpGioQJ8pLZqmn9olRBnYQSvOEtmfq740EcaUm3DeTaUq16KXif1431sGFl1ARxZoIPD8UxMzWoZ1WYA+oJFiziSEIS2qy2niEJMLaFFUwJbiLX14mrWrFrVVqt2el+nVWRx6O4BjK4MI51OEKGtAEDBKe4RXerCfrxXq3PuajOSvbOYQ/sD5/ANMQkh0=</latexit>

SO(2)
<latexit sha1_base64="X+oFQdDzDP0uVmozpQo/v3B0jXw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VGpbosuHEhWNE+oB1LJs20oZnMkGSUMvQ/3LhQxK3/4s6/MdPOQlsPBA7n3Ms9OV7EmdK2/W3llpZXVtfy64WNza3tneLuXlOFsSS0QUIeyraHFeVM0IZmmtN2JCkOPE5b3ugy9VuPVCoWins9jqgb4IFgPiNYG+mhG2A9lEFydzMpnx73iiW7Yk+BFomTkRJkqPeKX91+SOKACk04Vqrj2JF2Eyw1I5xOCt1Y0QiTER7QjqECB1S5yTT1BB0ZpY/8UJonNJqqvzcSHCg1DjwzmaZU814q/ud1Yu1fuAkTUaypILNDfsyRDlFaAeozSYnmY0MwkcxkRWSIJSbaFFUwJTjzX14kzZOKU61Ub89KteusjjwcwCGUwYFzqMEV1KEBBCQ8wyu8WU/Wi/VufcxGc1a2sw9/YH3+ANSVkh4=</latexit>

SO(3)
<latexit sha1_base64="fDo+cbryyp+0N+xkB8bSR97ofmM=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0Wom5KIVJcFXbhwUcU+oI1hMp20QyeTMDMplJBfcOOvuHGhiFt37vwbJ20EbT0wcOace7n3Hi9iVCrL+jIKS8srq2vF9dLG5tb2jrm715JhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7rI/PaYCElDfqcmEXECNODUpxgpLblmpRcgNRRBckl9P3V/fuOQpTPL85Lb9J4fu2bZqlpTwEVi56QMcjRc87PXD3EcEK4wQ1J2bStSToKEopiRtNSLJYkQHqEB6WrKUUCkk0wvSuGRVvrQD4V+XMGp+rsjQYGUk8DTldmSct7LxP+8bqz8cyehPIoV4Xg2yI8ZVCHM4oF9KghWbKIJwoLqXSEeIoGw0iGWdAj2/MmLpHVStWvV2s1puX6dx1EEB+AQVIANzkAdXIEGaAIMHsATeAGvxqPxbLwZ77PSgpH37IM/MD6+AfUknmQ=</latexit>

Di↵vol(Rn)

<latexit sha1_base64="DUTa8DV3fC0/LXRh8ylmrrKEw4A=">AAACD3icbVC7SgNBFJ31bXytWtoMBiU2YTdItBEEGwsLBfOAbAyzs3eTIbMPZu4KYckf2PgrNhaK2Nra+TdOYgpNPHDhcM69M/ceP5VCo+N8WXPzC4tLyyurhbX1jc0te3unrpNMcajxRCaq6TMNUsRQQ4ESmqkCFvkSGn7/YuQ37kFpkcS3OEihHbFuLELBGRqpYx96oWI8D4Z5gMNSRD2Q8q5CvSBB6mEPkB3RM+p07KJTdsags8SdkCKZ4Lpjf5oneBZBjFwyrVuuk2I7ZwoFlzAseJmGlPE+60LL0JhFoNv5+J4hPTBKQMNEmYqRjtXfEzmLtB5EvumMGPb0tDcS//NaGYan7VzEaYYQ85+PwkxSTOgoHBoIBRzlwBDGlTC7Ut5jJiA0ERZMCO70ybOkXim71XL15rh4fjWJY4XskX1SIi45IefkklyTGuHkgTyRF/JqPVrP1pv1/tM6Z01mdskfWB/fDvabaQ==</latexit>

d

dt
(m`2✓̇) = 0

Pendulum
<latexit sha1_base64="E4Pds1HaNbQzJv1TNn/+YuAJp/Q=">AAACKHicbVDLSsNAFJ34rPVVdelmsAh1UxKR6kYsuFEQrGAf0IQymUzaoZMHMzdCCfkcN/6KGxFFuvVLnLRdaOuBgTPn3Mu997ix4ApMc2wsLa+srq0XNoqbW9s7u6W9/ZaKEklZk0Yikh2XKCZ4yJrAQbBOLBkJXMHa7vA699tPTCoehY8wipkTkH7IfU4JaKlXurJ9SWjqZakHWcUOCAxcN73N7PuA9ckJvsTzGraBB0zh6a9XKptVcwK8SKwZKaMZGr3Su+1FNAlYCFQQpbqWGYOTEgmcCpYV7USxmNAh6bOupiHRs5x0cmiGj7XiYT+S+oWAJ+rvjpQESo0CV1fmW6t5Lxf/87oJ+BdOysM4ARbS6SA/ERginKeGPS4ZBTHShFDJ9a6YDohODnS2RR2CNX/yImmdVq1atfZwVq7fzeIooEN0hCrIQueojm5QAzURRc/oFX2gT+PFeDO+jPG0dMmY9RygPzC+fwBefqbL</latexit>

d

dt
(I⌦) = I⌦⇥ ⌦

Euler’s equation for rigid bodies 

<latexit sha1_base64="/4xZe1e1Tgs0Gu80fTRVQEOX+Ts="></latexit>

@

@t
⌘ = �Lu⌘, u = Pdiv=0(⌘

])

<latexit sha1_base64="/4xZe1e1Tgs0Gu80fTRVQEOX+Ts="></latexit>

@

@t
⌘ = �Lu⌘, u = Pdiv=0(⌘

])

Euler’s equation for ideal fluids

Conjugate momentum



Lie group
Definitions

• Example: 


• Other examples:  or  or 

<latexit sha1_base64="nrF3CuKm898uKW0YvgIwK/uMlzU="></latexit>

SO(3) = {R 2 R3⇥3
: R>R = I, detR = 1}

<latexit sha1_base64="3VxKfZT14bj71Euu9+zTZN8I31w=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclKVJdFty4EKzUPqCJZTKdtEMnkzAzEUrIxl9x40IRt36GO//GSZuFth64cDjnXu69x4sYlcqyvo3Cyura+kZxs7S1vbO7Z+4fdGQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa4yv/tIhKQhv1fTiLgBGnHqU4yUlgbmkRMgNRZB0rpNK7UzB4d8BFsP9sAsW1VrBrhM7JyUQY7mwPxyhiGOA8IVZkjKvm1Fyk2QUBQzkpacWJII4Qkakb6mHAVEusnsgRSeamUI/VDo4grO1N8TCQqknAae7szOlYteJv7n9WPlX7oJ5VGsCMfzRX7MoAphlgYcUkGwYlNNEBZU3wrxGAmElc6spEOwF19eJp1a1a5X63fn5cZNHkcRHIMTUAE2uAANcA2aoA0wSMEzeAVvxpPxYrwbH/PWgpHPHII/MD5/AGdXla0=</latexit>

SO(2) ⇠= S1 <latexit sha1_base64="jo+dNuYEy1tPgllmQz9PoNzzm+k=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCBSmJSHVZcKGLLqrYB7ShTKaTdujMJMxMhBKCG3/FjQtF3PoV7vwbJ2kW2npg4Mw593LvPV5IiVS2/W0UlpZXVteK66WNza3tHXN3ry2DSCDcQgENRNeDElPCcUsRRXE3FBgyj+KON7lK/c4DFpIE/F5NQ+wyOOLEJwgqLQ3Mgz6DaixYfN1IKvw0+3lefJecDMyyXbUzWIvEyUkZ5GgOzK/+MEARw1whCqXsOXao3BgKRRDFSakfSRxCNIEj3NOUQ4alG2cnJNaxVoaWHwj9uLIy9XdHDJmUU+bpynRFOe+l4n9eL1L+pRsTHkYKczQb5EfUUoGV5mENicBI0akmEAmid7XQGAqIlE6tpENw5k9eJO2zqlOr1m7Py/VGHkcRHIIjUAEOuAB1cAOaoAUQeATP4BW8GU/Gi/FufMxKC0besw/+wPj8Aeg9lyk=</latexit>

GL(n,R)
<latexit sha1_base64="es7GFUwgwREzRY6xkzmIqxuQpLM=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahopQZkeqy4MaFiyr2Ae1YMmmmDc1khiRTKEP/xI0LRdz6J+78GzNtF9p6IHA4517uyfFjzpR2nG8rt7K6tr6R3yxsbe/s7tn7Bw0VJZLQOol4JFs+VpQzQeuaaU5bsaQ49Dlt+sObzG+OqFQsEo96HFMvxH3BAkawNlLXtkudEOuB76cPkydxfnbatYtO2ZkCLRN3ToowR61rf3V6EUlCKjThWKm268TaS7HUjHA6KXQSRWNMhrhP24YKHFLlpdPkE3RilB4KImme0Giq/t5IcajUOPTNZBZTLXqZ+J/XTnRw7aVMxImmgswOBQlHOkJZDajHJCWajw3BRDKTFZEBlphoU1bBlOAufnmZNC7KbqVcub8sVu/mdeThCI6hBC5cQRVuoQZ1IDCCZ3iFNyu1Xqx362M2mrPmO4fwB9bnD2e2kug=</latexit>

(Rn,+)

Definition (Lie group)
A Lie group is a group  that is also a smooth manifold, such that 
the multiplication map , , and the inversion 
map , sending , are smooth.

<latexit sha1_base64="6/EX7bnIN8I63mW/zJAAnE40LVk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXAQguLBMwHJEfY28wla/b2jt09IYT8AhsLRWz9SXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfptr1hyy+4cZJV4GSlBhlqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mhU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZl+TPlfIjBhbQpni9lbChlRRZmw2BRuCt/zyKmlelL1KuVK/LFXvszjycAKncA4eXEEV7qAGDWCA8Ayv8OY8Oi/Ou/OxaM052cwx/IHz+QOiiYzg</latexit>

G
<latexit sha1_base64="CgJlA0w1VEDj1yOyeCU/n6cvOv8=">AAAB9XicbVA9SwNBEJ3zM8avqKXNYhCswp1ItAxYxMIigvmA5Ax7m7lkyd7esbunhJD/YWOhiK3/xc5/4ya5QhMfLPt4b4aZeUEiuDau++2srK6tb2zmtvLbO7t7+4WDw4aOU8WwzmIRq1ZANQousW64EdhKFNIoENgMhtdTv/mISvNY3ptRgn5E+5KHnFFjpYdqx/AINbF/TKrdQtEtuTOQZeJlpAgZat3CV6cXszRCaZigWrc9NzH+mCrDmcBJvpNqTCgb0j62LZXUzvLHs60n5NQqPRLGyj5pyEz93TGmkdajKLCVETUDvehNxf+8dmrCK3/MZZIalGw+KEwFsSdOIyA9rpAZMbKEMsXtroQNqKLM2KDyNgRv8eRl0jgveeVS+e6iWLnN4sjBMZzAGXhwCRW4gRrUgYGCZ3iFN+fJeXHenY956YqT9RzBHzifP4b8ke0=</latexit>

G⇥G ! G
<latexit sha1_base64="vAIujuargBVKvIIQr3gwRMhjkgo=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJViEClISkeqx4MWDhwr2A9pQNttNunR3E3Y3Qg39JV48KOLVn+LNf+O2zUFbHww83pthZl6QMKq0635bhbX1jc2t4nZpZ3dvv2wfHLZVnEpMWjhmsewGSBFGBWlpqhnpJpIgHjDSCcY3M7/zSKSisXjQk4T4HEWChhQjbaSBXa5G56OzPkeJ0rETjQZ2xa25czirxMtJBXI0B/ZXfxjjlBOhMUNK9Tw30X6GpKaYkWmpnyqSIDxGEekZKhAnys/mh0+dU6MMnTCWpoR25urviQxxpSY8MJ0c6ZFa9mbif14v1eG1n1GRpJoIvFgUpswxP85ScIZUEqzZxBCEJTW3OniEJMLaZFUyIXjLL6+S9kXNq9fq95eVxl0eRxGO4QSq4MEVNOAWmtACDCk8wyu8WU/Wi/VufSxaC1Y+cwR/YH3+AKsNkoE=</latexit>

(g, h) 7! gh
<latexit sha1_base64="xpYVNiZZXw/+SHnrZ/HBsembsYE=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFF3XhooJ9QDuUTJppYzPJkGSEMvQf3LhQxK3/486/MZ3OQlsPBA7n3EvuOUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM/c4TVZpJ8WCmMfUjPBIsZAQbK7UbfSNRY1CuuFU3A1olXk4qkKM5KH/1h5IkERWGcKx1z3Nj46dYGUY4nZX6iaYxJhM8oj1LBY6o9tPs2hk6s8oQhVLZJwzK1N8bKY60nkaBnYywGetlby7+5/USE177KRNxYqggi4/ChCMbcR4dDZmixPCpJZgoZm9FZIwVJsYWVLIleMuRV0n7ourVqrX7y0r9Lq+jCCdwCufgwRXU4Raa0AICj/AMr/DmSOfFeXc+FqMFJ985hj9wPn8A4AOOuA==</latexit>

G ! G
<latexit sha1_base64="CPrerz1bZgGXNC78rLyWKt57ADw=">AAAB+HicbVA9SwNBEJ3zM8aPnFraLAbBxnAnEi0DNhYWEcwHJGfY2+wlS3b3jt09IR75JTYWitj6U+z8N26SKzTxwcDjvRlm5oUJZ9p43rezsrq2vrFZ2Cpu7+zuldz9g6aOU0Vog8Q8Vu0Qa8qZpA3DDKftRFEsQk5b4eh66rceqdIslvdmnNBA4IFkESPYWKnnlgZdgRNtYjR4yM78Sc8texVvBrRM/JyUIUe95351+zFJBZWGcKx1x/cSE2RYGUY4nRS7qaYJJiM8oB1LJRZUB9ns8Ak6sUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/eZ3URFdBxmSSGirJfFGUcmT/nKaA+kxRYvjYEkwUs7ciMsQKE2OzKtoQ/MWXl0nzvOJXK9W7i3LtNo+jAEdwDKfgwyXU4Abq0AACKTzDK7w5T86L8+58zFtXnHzmEP7A+fwBTp2S6A==</latexit>

g 7! g�1



Lie algebra
Definitions

Definition (Lie algebra)
A Lie algebra is a vector space  with a bilinear bracket 

 that is antisymmetric, , and satisfies the 
Jacobi identity
 
                             .
 
For a matrix group this bracket is the commutator . 
The Lie algebra of a Lie group  is its tangent space at the identity, 

.

<latexit sha1_base64="bvORcUvGuuFUdvKpoeBEPYrGads=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi1WXBjQsXFewDmlIm05t26GQSZiZCCf0NNy4UcevPuPNvnLRZaPXAwOGce7lnTpAIro3rfjmltfWNza3ydmVnd2//oHp41NFxqhi2WSxi1QuoRsEltg03AnuJQhoFArvB9Cb3u4+oNI/lg5klOIjoWPKQM2qs5PsRNZNQ0Wk2ng+rNbfuLkD+Eq8gNSjQGlY//VHM0gilYYJq3ffcxAwyqgxnAucVP9WYUDalY+xbKmmEepAtMs/JmVVGJIyVfdKQhfpzI6OR1rMosJN5Rr3q5eJ/Xj814fUg4zJJDUq2PBSmgpiY5AWQEVfIjJhZQpniNithE6ooM7amii3BW/3yX9K5qHuNeuP+sta8K+oowwmcwjl4cAVNuIUWtIFBAk/wAq9O6jw7b877crTkFDvH8AvOxzeKKZIQ</latexit>g
<latexit sha1_base64="w/8klhWU9N6SW++Zw2pKokke1dI=">AAACLXicbVDLSgMxFM3UV62vqks3g0VwUcqMSHVZ0IULFxXsAzpDyaSZNjSTDMkdoQz9ITf+igguKuLW3zDTdtGHBxJOzr03994TxJxpcJyJldvY3Nreye8W9vYPDo+KxydNLRNFaINILlU7wJpyJmgDGHDajhXFUcBpKxjeZfHWC1WaSfEMo5j6Ee4LFjKCwUjd4n3HK3ukJ2F2e2Xfyz4VXoRhECo8TPtjD1hE9bIiF5/dYsmpOFPY68SdkxKao94tfng9SZKICiAca91xnRj8FCtghNNxwUs0jTEZ4j7tGCqw6e+n023H9oVRenYolTkC7Km6WJHiSOtRFJjMbEa9GsvE/2KdBMJbP2UiToAKMmsUJtwGaWfW2T2mKAE+MgQTxcysNhlghQkYgwvGBHd15XXSvKq41Ur16bpUe5zbkUdn6BxdIhfdoBp6QHXUQAS9onc0QV/Wm/VpfVs/s9ScNa85RUuwfv8ARyiqtw==</latexit>

[ ·, · ] : g⇥ g ! g
<latexit sha1_base64="wkw2dddgWjgE/FakzfK+JdlDfeI=">AAACAXicbZC7SgNBFIZnvcZ4W7URbAaDYBHDrki0EQI2FhYRzAV2lzA7OZsMmb0wMyuGEBtfxcZCEVvfws63cTbZQhN/GPj4zzmcOb+fcCaVZX0bC4tLyyurhbXi+sbm1ra5s9uUcSooNGjMY9H2iQTOImgopji0EwEk9Dm0/MFVVm/dg5Asju7UMAEvJL2IBYwSpa2Oue+4D6zsgiIevsQnTkZlbXkds2RVrInwPNg5lFCuesf8crsxTUOIFOVESse2EuWNiFCMchgX3VRCQuiA9MDRGJEQpDeaXDDGR9rp4iAW+kUKT9zfEyMSSjkMfd0ZEtWXs7XM/K/mpCq48EYsSlIFEZ0uClKOVYyzOHCXCaCKDzUQKpj+K6Z9IghVOrSiDsGePXkemqcVu1qp3p6Vajd5HAV0gA7RMbLROaqha1RHDUTRI3pGr+jNeDJejHfjY9q6YOQze+iPjM8fpESVyA==</latexit>

[⇠, ⌘] = �[⌘, ⇠]

<latexit sha1_base64="YUYHY0m7KKquoRZU0qTa0W2/UO0=">AAACKXicbZBNS8MwGMfT+TbnW9Wjl+AQBMdoRaYXYeDFg4cJ7gXaMtIs28LStCSpuJV9HS9+FS8Kinr1i5i1PejmAwn//J7/Q5K/HzEqlWV9GoWl5ZXVteJ6aWNza3vH3N1ryTAWmDRxyELR8ZEkjHLSVFQx0okEQYHPSNsfXc367XsiJA35nRpHxAvQgNM+xUhp1DXrjvtAK45LFKq4E717HjyB2dlJQUUbcjjJqB5wM+cltLpm2apaacFFYeeiDPJqdM1XtxfiOCBcYYakdGwrUl6ChKKYkWnJjSWJEB6hAXG05Cgg0kvSn07hkSY92A+FXlzBlP6eSFAg5TjwtTNAaijnezP4X8+JVf/CSyiPYkU4zi7qxwyqEM5igz0qCFZsrAXCguq3QjxEAmGlwy3pEOz5Ly+K1mnVrlVrt2fl+k0eRxEcgENwDGxwDurgGjRAE2DwCJ7BG3g3nowX48P4yqwFI5/ZB3/K+P4BMQCkxA==</latexit>

[⇠, [⌘, ⇣]] + [⌘, [⇣, ⇠]] + [⇣, [⇠, ⌘]] = 0

<latexit sha1_base64="lPEnro3SKRZz1ve/rcaLrUdREnU=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAIHjTsikQvQhIvHjxEMA/YLGF2MpsMmX0wMyvEJV/ixYMiXv0Ub/6Nk2QPmljQUFR1093lxZxJZVnfRm5ldW19I79Z2Nre2S2ae/stGSWC0CaJeCQ6HpaUs5A2FVOcdmJBceBx2vZGN1O//UiFZFH4oMYxdQM8CJnPCFZa6plFp3Zad9E1qtXRGarXembJKlszoGViZ6QEGRo986vbj0gS0FARjqV0bCtWboqFYoTTSaGbSBpjMsID6mga4oBKN50dPkHHWukjPxK6QoVm6u+JFAdSjgNPdwZYDeWiNxX/85xE+VduysI4UTQk80V+wpGK0DQF1GeCEsXHmmAimL4VkSEWmCidVUGHYC++vExa52W7Uq7cX5Sqd1kceTiEIzgBGy6hCrfQgCYQSOAZXuHNeDJejHfjY96aM7KZA/gD4/MH3SWQrQ==</latexit>

[A,B] = AB �BA
<latexit sha1_base64="6/EX7bnIN8I63mW/zJAAnE40LVk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXAQguLBMwHJEfY28wla/b2jt09IYT8AhsLRWz9SXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfptr1hyy+4cZJV4GSlBhlqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mhU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZl+TPlfIjBhbQpni9lbChlRRZmw2BRuCt/zyKmlelL1KuVK/LFXvszjycAKncA4eXEEV7qAGDWCA8Ayv8OY8Oi/Ou/OxaM052cwx/IHz+QOiiYzg</latexit>

G
<latexit sha1_base64="40S7c8LKC8NBHa35oknuF1eJ8YY=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKR6kYouNCFiwp9QRvKZHrTDp1MwsxEqKH4K25cKOLW/3Dn3zhps9DWAwOHc+7lnjl+zJnSjvNtLS2vrK6tFzaKm1vbO7v23n5TRYmk0KARj2TbJwo4E9DQTHNoxxJI6HNo+aPrzG89gFQsEnU9jsELyUCwgFGijdSzD7sh0cNAklE6mOArXO8BvunZJafsTIEXiZuTEspR69lf3X5EkxCEppwo1XGdWHspkZpRDpNiN1EQEzoiA+gYKkgIykun6Sf4xCh9HETSPKHxVP29kZJQqXHom8ksq5r3MvE/r5Po4NJLmYgTDYLODgUJxzrCWRW4zyRQzceGECqZyYrpkEhCtSmsaEpw57+8SJpnZbdSrtyfl6p3eR0FdISO0Sly0QWqoltUQw1E0SN6Rq/ozXqyXqx362M2umTlOwfoD6zPH1tJlI0=</latexit>

g = TeG

• Example: 
<latexit sha1_base64="pcBQ0A9Ip4noHuzdbi0bKqvsVcw="></latexit>

so(3) = {⌦ 2 R3⇥3 : ⌦> = �⌦}



Lie group action
Definitions

Definition (Action)
A (left) action of a Lie group  on a manifold  is a smooth map 

, written , satisfying  
   

         
 

for all  and . Equivalently,  sends  into the 
invertible transformations of  and respects products.

<latexit sha1_base64="6/EX7bnIN8I63mW/zJAAnE40LVk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXAQguLBMwHJEfY28wla/b2jt09IYT8AhsLRWz9SXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfptr1hyy+4cZJV4GSlBhlqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mhU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZl+TPlfIjBhbQpni9lbChlRRZmw2BRuCt/zyKmlelL1KuVK/LFXvszjycAKncA4eXEEV7qAGDWCA8Ayv8OY8Oi/Ou/OxaM052cwx/IHz+QOiiYzg</latexit>

G
<latexit sha1_base64="KO+TFMsSy9Kj2FFFRCCTZqXIkPM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx4UEjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9W7LI48nMApnIMHV1CFW6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCroYzm</latexit>

M
<latexit sha1_base64="4pHNH28EZx3s22PL5d+dEsWfWdU=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiQi1WXBhS4sVLAPaEKZTCft0MkkzNwIpRQ3/oobF4q49Svc+TdO2iy09cDA4Zz7mHuCRHANjvNtLS2vrK6tFzaKm1vbO7v23n5Tx6mirEFjEat2QDQTXLIGcBCsnShGokCwVjC8yvzWA1Oax/IeRgnzI9KXPOSUgJG69qFXH3AvmyPxtQc8YhrXPIhxrWuXnLIzBV4kbk5KKEe9a395vZimEZNABdG64zoJ+GOigFPBJkUv1SwhdEj6rGOoJGaXP56eMMEnRunhMFbmScBT9XfHmERaj6LAVEYEBnrey8T/vE4K4aU/5jJJgUk6WxSmApsTszxwjytGQYwMIVRx81dMB0QRCia1ognBnT95kTTPym6lXLk7L1Vv8zgK6Agdo1PkogtURTeojhqIokf0jF7Rm/VkvVjv1sesdMnKew7QH1ifPyZmlqw=</latexit>

� : G⇥M ! M
<latexit sha1_base64="gHf52XTX0M1a36sUDlmt9G9ptEg=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIVDdCwY0LFxXsA5oQJpNJOnRmEmYmQi3FX3HjQhG3/oc7/8Zpm4W2HrhwOOde7r0nzBhV2nG+raXlldW19dJGeXNre2fX3ttvqzSXmLRwylLZDZEijArS0lQz0s0kQTxkpBMOrid+54FIRVNxr4cZ8TlKBI0pRtpIgX3oNfs0SKr8FF7BxMNRqiEP7IpTc6aAi8QtSAUUaAb2lxelOOdEaMyQUj3XybQ/QlJTzMi47OWKZAgPUEJ6hgrEifJH0+vH8MQoEYxTaUpoOFV/T4wQV2rIQ9PJke6reW8i/uf1ch1f+iMqslwTgWeL4pxBncJJFDCikmDNhoYgLKm5FeI+kghrE1jZhODOv7xI2mc1t16r351XGrdFHCVwBI5BFbjgAjTADWiCFsDgETyDV/BmPVkv1rv1MWtdsoqZA/AH1ucPeVqUAA==</latexit>

�g(m) = g ·m
<latexit sha1_base64="spDH0U3SlS7FGVyW3cGRewZVkoo=">AAACHHicbVDLSgMxFM34rPVVdekmWIQWpMyoVDdCwY0LFxXsA9pSMpnMTGgymSYZoZR+iBt/xY0LRdy4EPwb0+kstPXAhZNz7iX3HjdmVGnb/raWlldW19ZzG/nNre2d3cLeflOJRGLSwIIJ2XaRIoxGpKGpZqQdS4K4y0jLHVxP/dYDkYqK6F6PYtLjKIioTzHSRuoXzkgXe0JDDq8gP4Hd4TBBHgxSsRRmXtmYpSAsZ89+oWhX7BRwkTgZKYIM9X7hs+sJnHASacyQUh3HjnVvjKSmmJFJvpsoEiM8QAHpGBohTlRvnB43gcdG8aAvpKlIw1T9PTFGXKkRd00nRzpU895U/M/rJNq/7I1pFCeaRHj2kZ8wqAWcJgU9KgnWbGQIwpKaXSEOkURYmzzzJgRn/uRF0jytONVK9e68WLvN4siBQ3AESsABF6AGbkAdNAAGj+AZvII368l6sd6tj1nrkpXNHIA/sL5+AOHHn20=</latexit>

e ·m = m, g · (h ·m) = (gh) ·m
<latexit sha1_base64="cwqGSISXjbzetM5nX9eiFDRx9OU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgIeFOJFoGLLSwiGA+IAlhb7OXLNnbO3fnhHDkT9hYKGLr37Hz37hJrtDEBwOP92aYmefHUhh03W8nt7K6tr6R3yxsbe/s7hX3DxomSjTjdRbJSLd8argUitdRoOStWHMa+pI3/dH11G8+cW1EpB5wHPNuSAdKBIJRtFJrcDbsCEVuesWSW3ZnIMvEy0gJMtR6xa9OP2JJyBUySY1pe26M3ZRqFEzySaGTGB5TNqID3rZU0ZCbbjq7d0JOrNInQaRtKSQz9fdESkNjxqFvO0OKQ7PoTcX/vHaCwVU3FSpOkCs2XxQkkmBEps+TvtCcoRxbQpkW9lbChlRThjaigg3BW3x5mTTOy16lXLm/KFXvsjjycATHcAoeXEIVbqEGdWAg4Rle4c15dF6cd+dj3ppzsplD+APn8wcs+o90</latexit>

g, h 2 G <latexit sha1_base64="utQwhYkYhJDlKafkh3IjAKZFJos=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHgxYNCBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNrqd+64lqw5R8sOOEhgIPJIsZwdZJTdFlEt31SmW/4s+AlkmQkzLkqPdKX92+Iqmg0hKOjekEfmLDDGvLCKeTYjc1NMFkhAe046jEgpowm107QadO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCiCyFYfHmZNM8rQbVSvb8o127zOApwDCdwBgFcQg1uoA4NIPAIz/AKb57yXrx372PeuuLlM0fwB97nDxEtjtg=</latexit>

m 2 M
<latexit sha1_base64="MQuX/RdNgvJCMQNrVbNDXmI0NqM=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4sFDBfsBTSyb7SZdupsNuxulhP4PLx4U8ep/8ea/cdvmoK0PBh7vzTAzL0w508Z1v52V1bX1jc3SVnl7Z3dvv3Jw2NYyU4S2iORSdUOsKWcJbRlmOO2mimIRctoJR9dTv/NIlWYyuTfjlAYCxwmLGMHGSg+xL3CqjfSbQ9aP+5WqW3NnQMvEK0gVCjT7lS9/IEkmaGIIx1r3PDc1QY6VYYTTSdnPNE0xGeGY9ixNsKA6yGdXT9CpVQYokspWYtBM/T2RY6H1WIS2U2Az1IveVPzP62UmugpylqSZoQmZL4oyjoxE0wjQgClKDB9bgoli9lZEhlhhYmxQZRuCt/jyMmmf17x6rX53UW3cFnGU4BhO4Aw8uIQG3EATWkBAwTO8wpvz5Lw4787HvHXFKWaO4A+czx+54pK1</latexit>

g 7! �g
<latexit sha1_base64="6/EX7bnIN8I63mW/zJAAnE40LVk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXAQguLBMwHJEfY28wla/b2jt09IYT8AhsLRWz9SXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfptr1hyy+4cZJV4GSlBhlqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mhU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZl+TPlfIjBhbQpni9lbChlRRZmw2BRuCt/zyKmlelL1KuVK/LFXvszjycAKncA4eXEEV7qAGDWCA8Ayv8OY8Oi/Ou/OxaM052cwx/IHz+QOiiYzg</latexit>

G
<latexit sha1_base64="KO+TFMsSy9Kj2FFFRCCTZqXIkPM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx4UEjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9W7LI48nMApnIMHV1CFW6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCroYzm</latexit>

M



Lie group action
Examples

• On vectors:  for .


• On itself (by left multiplication):  for 

<latexit sha1_base64="7s2JTZlhO5J3AkVd/GC2wqA5WE4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqheh4MWDh1rsB7ShbDabdulmE3cngRL6O7x4UMSrP8ab/8Ztm4O2Phh4vDfDzDwvFlyDbX9bhbX1jc2t4nZpZ3dv/6B8eNTWUaIoa9FIRKrrEc0El6wFHATrxoqR0BOs441vZ34nZUrzSD7CJGZuSIaSB5wSMJLb7FM/ApziG9xMB+WKXbXnwKvEyUkF5WgMyl99P6JJyCRQQbTuOXYMbkYUcCrYtNRPNIsJHZMh6xkqSci0m82PnuIzo/g4iJQpCXiu/p7ISKj1JPRMZ0hgpJe9mfif10sguHYzLuMEmKSLRUEiMER4lgD2uWIUxMQQQhU3t2I6IopQMDmVTAjO8surpH1RdWrV2sNlpX6fx1FEJ+gUnSMHXaE6ukMN1EIUPaFn9IrerNR6sd6tj0VrwcpnjtEfWJ8/ao6RRA==</latexit>

R · v = Rv
<latexit sha1_base64="XyhKDs8zGD+Ap7tbUezQcZzwWAM=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq1WXBjQsXVewDmlgm00k7dDIJM5NCCf0TNy4UceufuPNvnLRZaPXAwOGce7lnTpBwprTjfFmlldW19Y3yZmVre2d3z94/aKs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGF/nfmdCpWKxeNDThPoRHgoWMoK1kfq2PfGY8CKsR0GQ3c8ez/t21ak5c6C/xC1IFQo0+/anN4hJGlGhCcdK9Vwn0X6GpWaE01nFSxVNMBnjIe0ZKnBElZ/Nk8/QiVEGKIyleUKjufpzI8ORUtMoMJN5RrXs5eJ/Xi/V4ZWfMZGkmgqyOBSmHOkY5TWgAZOUaD41BBPJTFZERlhiok1ZFVOCu/zlv6R9VnPrtfrdRbVxW9RRhiM4hlNw4RIacANNaAGBCTzBC7xamfVsvVnvi9GSVewcwi9YH9+Y0ZOu</latexit>

v 2 R3

<latexit sha1_base64="yCdoHVRjZRuMczDZL9w4BZk0v04=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MWDh1rsB7ShbDabdOkmG3c3hRL6O7x4UMSrP8ab/8Ztm4O2Phh4vDfDzDwv4Uxp2/62CmvrG5tbxe3Szu7e/kH58KitRCoJbRHBhex6WFHOYtrSTHPaTSTFkcdpxxvdzvzOmErFRPyoJwl1IxzGLGAEayO5YZ/4QqMmukFhc1Cu2FV7DrRKnJxUIEdjUP7q+4KkEY014VipnmMn2s2w1IxwOi31U0UTTEY4pD1DYxxR5Wbzo6fozCg+CoQ0FWs0V39PZDhSahJ5pjPCeqiWvZn4n9dLdXDtZixOUk1jslgUpBxpgWYJIJ9JSjSfGIKJZOZWRIZYYqJNTiUTgrP88ippX1SdWrX2cFmp3+dxFOEETuEcHLiCOtxBA1pA4Ame4RXerLH1Yr1bH4vWgpXPHMMfWJ8/PXORJg==</latexit>

g ·R = gR
<latexit sha1_base64="v3J2Y6a1/7hnJfVxjG3cqzn/jQg=">AAAB+3icbVDLSgMxFM34rPU11qWbYBHqpsyoVJcFNy4E66MP6Awlk6ZtaJIZkoxYhvkVNy4UceuPuPNvzLSz0NYDgcM593JPThAxqrTjfFtLyyura+uFjeLm1vbOrr1Xaqkwlpg0cchC2QmQIowK0tRUM9KJJEE8YKQdjC8zv/1IpKKheNCTiPgcDQUdUIy0kXp26c6jwuNIjyRP7m/Syulxzy47VWcKuEjcnJRBjkbP/vL6IY45ERozpFTXdSLtJ0hqihlJi16sSITwGA1J11CBOFF+Ms2ewiOj9OEglOYJDafq740EcaUmPDCTWUo172Xif1431oMLP6EiijUReHZoEDOoQ5gVAftUEqzZxBCEJTVZIR4hibA2dRVNCe78lxdJ66Tq1qq127Ny/TqvowAOwCGoABecgzq4Ag3QBBg8gWfwCt6s1Hqx3q2P2eiSle/sgz+wPn8ARdiT/A==</latexit>

R 2 SO(3)

Definition (Conjugation action)
For , the conjugation map is
 

                           .
 
It is a group homomorphism and fixes the identity, .

<latexit sha1_base64="ihHrvOQqWxewlVmDc9J0Ixv7/CM=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2R6rHgQQ8eKtgPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0wEN9bzvtHK6tr6xmZhq7i9s7u3Xzo4bBqVasoaVAml2yExTHDJGpZbwdqJZiQOBWuFo+up33pi2nAlH+w4YUFMBpJHnBLrpOagyyW+6ZXKXsWbAS8TPydlyFHvlb66fUXTmElLBTGm43uJDTKiLaeCTYrd1LCE0BEZsI6jksTMBNns2gk+dUofR0q7khbP1N8TGYmNGceh64yJHZpFbyr+53VSG10FGZdJapmk80VRKrBVePo67nPNqBVjRwjV3N2K6ZBoQq0LqOhC8BdfXibN84pfrVTvL8q1uzyOAhzDCZyBD5dQg1uoQwMoPMIzvMIbUugFvaOPeesKymeO4A/Q5w/+0I7M</latexit>

g 2 G
<latexit sha1_base64="n+nlolvonYhGLj87LPD+UeW6JHk=">AAACF3icbVDLSgMxFM34rPU16tJNsAgVapkRqW6EQhd14aKCfUBnLJk0nYZmMtMkI5Shf+HGX3HjQhG3uvNvzLRdaOuBC4dz7k3uPV7EqFSW9W0sLa+srq1nNrKbW9s7u+befkOGscCkjkMWipaHJGGUk7qiipFWJAgKPEaa3qCS+s0HIiQN+Z0aRcQNkM9pj2KktNQxi5WO76TPcFh1VAirBegMhzHqQm3k+yfwCvpOoe8U/Pvk1B53zJxVtCaAi8SekRyYodYxv5xuiOOAcIUZkrJtW5FyEyQUxYyMs04sSYTwAPmkrSlHAZFuMrlrDI+10oW9UOjiCk7U3xMJCqQcBZ7uDJDqy3kvFf/z2rHqXboJ5VGsCMfTj3oxgzqANCTYpYJgxUaaICyo3hXiPhIIKx1lVodgz5+8SBpnRbtULN2e58o3szgy4BAcgTywwQUog2tQA3WAwSN4Bq/gzXgyXox342PaumTMZg7AHxifP8Z0nTY=</latexit>

Cg : G ! G, Cg(h) = g h g�1

<latexit sha1_base64="hHaECBtW37sUGM7hynNQx8gNOqA=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnEm2EQBoLiwjmA5Mj7G0myZK9vWN3Twgh/8LGQhFb/42d/8ZNcoUmPhh4vDfDzLwgFlwb1/12MmvrG5tb2e3czu7e/kH+8Kiho0QxrLNIRKoVUI2CS6wbbgS2YoU0DAQ2g1F15jefUGkeyQczjtEP6UDyPmfUWOmx2h0U8ZzcEOzmC27JnYOsEi8lBUhR6+a/Or2IJSFKwwTVuu25sfEnVBnOBE5znURjTNmIDrBtqaQhan8yv3hKzqzSI/1I2ZKGzNXfExMaaj0OA9sZUjPUy95M/M9rJ6Z/7U+4jBODki0W9RNBTERm75MeV8iMGFtCmeL2VsKGVFFmbEg5G4K3/PIqaVyUvHKpfH9ZqNylcWThBE6hCB5cQQVuoQZ1YCDhGV7hzdHOi/PufCxaM046cwx/4Hz+AIwzj5Q=</latexit>

Cg(e) = e



Lie group Conjugation action
Example



Lie group Adjoint action
Definitions

Definition (Adjoint representation)
Fix  and differentiate  at the identity. Since , the
derivative is a linear map on , the adjoint representation 
          

                   .
 

Concretely, choose any curve  in  with , ; then
 

                                .
 
This carries an infinitesimal generator from one frame into another.

<latexit sha1_base64="reLTptIU1YH5X3jsphTyk+N4zM8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzYWFgkYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Bj2S2W34s5BVomXkzLkqPdLX71BzNIIpWGCat313MT4GVWGM4HTYi/VmFA2pkPsWipphNrP5odOyblVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDZFG4K3/PIqaV1WvGql2rgq1+7zOApwCmdwAR5cQw3uoA5NYIDwDK/w5jw6L86787FoXXPymRP4A+fzB9MJjQA=</latexit>g
<latexit sha1_base64="+FvDbB+iWNtTWlxpA5fdcrrqEU4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomUgjYVFRGMCyRH2NnOXJXt7x+6eEEJ+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEquDau++0U1tY3NreK26Wd3b39g/Lh0aNOMsWwxRKRqE5ANQousWW4EdhJFdI4ENgORo2Z335CpXkiH8w4RT+mkeQhZ9RY6b7Rj/rlilt15yCrxMtJBXI0++Wv3iBhWYzSMEG17npuavwJVYYzgdNSL9OYUjaiEXYtlTRG7U/mp07JmVUGJEyULWnIXP09MaGx1uM4sJ0xNUO97M3E/7xuZsJrf8JlmhmUbLEozAQxCZn9TQZcITNibAllittbCRtSRZmx6ZRsCN7yy6vk8aLq1aq1u8tK/TaPowgncArn4MEV1OEGmtACBhE8wyu8OcJ5cd6dj0VrwclnjuEPnM8fE16Ntg==</latexit>

Cg
<latexit sha1_base64="hHaECBtW37sUGM7hynNQx8gNOqA=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnEm2EQBoLiwjmA5Mj7G0myZK9vWN3Twgh/8LGQhFb/42d/8ZNcoUmPhh4vDfDzLwgFlwb1/12MmvrG5tb2e3czu7e/kH+8Kiho0QxrLNIRKoVUI2CS6wbbgS2YoU0DAQ2g1F15jefUGkeyQczjtEP6UDyPmfUWOmx2h0U8ZzcEOzmC27JnYOsEi8lBUhR6+a/Or2IJSFKwwTVuu25sfEnVBnOBE5znURjTNmIDrBtqaQhan8yv3hKzqzSI/1I2ZKGzNXfExMaaj0OA9sZUjPUy95M/M9rJ6Z/7U+4jBODki0W9RNBTERm75MeV8iMGFtCmeL2VsKGVFFmbEg5G4K3/PIqaVyUvHKpfH9ZqNylcWThBE6hCB5cQQVuoQZ1YCDhGV7hzdHOi/PufCxaM046cwx/4Hz+AIwzj5Q=</latexit>

Cg(e) = e
<latexit sha1_base64="3Pqm9zMHOhpO2tPJuGhKjsLhxJM=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi1Y1QcKELFxX6gjaEyfSmHTp5MDMRQqi/4saFIm79EHf+jZM2C209MHA4517umePFnEllWd9GaW19Y3OrvF3Z2d3bPzAPj7oySgSFDo14JPoekcBZCB3FFId+LIAEHoeeN73J/d4jCMmisK3SGJyAjEPmM0qUllyzOgyImviCTLPxDF/jtgu3rlmz6tYceJXYBamhAi3X/BqOIpoEECrKiZQD24qVkxGhGOUwqwwTCTGhUzKGgaYhCUA62Tz8DJ9qZYT9SOgXKjxXf29kJJAyDTw9mUeVy14u/ucNEuVfORkL40RBSBeH/IRjFeG8CTxiAqjiqSaECqazYjohglCl+6roEuzlL6+S7nndbtQbDxe15n1RRxkdoxN0hmx0iZroDrVQB1GUomf0it6MJ+PFeDc+FqMlo9ipoj8wPn8A/tWUYw==</latexit>

g = TeG
<latexit sha1_base64="ojnajcxWz+Nei/JEg3Jum9J95iY=">AAACI3icbVBNS8MwGE7n15xfVY9egkOYl9GKTBGEyS4ePExwH7COkqZpF5amJUmFUfZfvPhXvHhQhhcP/hfTbYe5+UDgyfO8b/K+j5cwKpVlfRuFtfWNza3idmlnd2//wDw8ass4FZi0cMxi0fWQJIxy0lJUMdJNBEGRx0jHGzZyv/NMhKQxf1KjhPQjFHIaUIyUllzzxomQGogou/PHbghvYcVvuOG5S5z8bQ6ndiDQMAvHjooXr65ZtqrWFHCV2HNSBnM0XXPi+DFOI8IVZkjKnm0lqp8hoShmZFxyUkkShIcoJD1NOYqI7GfTHcfwTCs+DGKhD1dwqi52ZCiSchR5ujKfUS57ufif10tVcN3PKE9SRTiefRSkDKoY5oFBnwqCFRtpgrCgelaIB0ggrHSsJR2CvbzyKmlfVO1atfZ4Wa4/zOMoghNwCirABlegDu5BE7QABi/gDXyAT+PVeDcmxtestGDMe47BHxg/v/hNpTM=</latexit>

Adg = (dCg)e : g ! g

<latexit sha1_base64="ynJs/QlBzmJ64rZINO+etOwb1fo=">AAAB63icbVBNS8NAEN34WetX1aOXxSLUS0lEqseCFw8eKtgPaEPZbDfN0t1N2J0IJfQvePGgiFf/kDf/jZs2B219MPB4b4aZeUEiuAHX/XbW1jc2t7ZLO+Xdvf2Dw8rRccfEqaasTWMR615ADBNcsTZwEKyXaEZkIFg3mNzmfveJacNj9QjThPmSjBUPOSWQS1ENLoaVqlt358CrxCtIFRVoDStfg1FMU8kUUEGM6XtuAn5GNHAq2Kw8SA1LCJ2QMetbqohkxs/mt87wuVVGOIy1LQV4rv6eyIg0ZioD2ykJRGbZy8X/vH4K4Y2fcZWkwBRdLApTgSHG+eN4xDWjIKaWEKq5vRXTiGhCwcZTtiF4yy+vks5l3WvUGw9X1eZ9EUcJnaIzVEMeukZNdIdaqI0oitAzekVvjnRenHfnY9G65hQzJ+gPnM8fb+2N5A==</latexit>

h(t) <latexit sha1_base64="6/EX7bnIN8I63mW/zJAAnE40LVk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXAQguLBMwHJEfY28wla/b2jt09IYT8AhsLRWz9SXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfptr1hyy+4cZJV4GSlBhlqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mhU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZl+TPlfIjBhbQpni9lbChlRRZmw2BRuCt/zyKmlelL1KuVK/LFXvszjycAKncA4eXEEV7qAGDWCA8Ayv8OY8Oi/Ou/OxaM052cwx/IHz+QOiiYzg</latexit>

G
<latexit sha1_base64="aLoEmdvHvf26iNpJTJif/zKcsBU=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnEm2EgI2FRQTzAckR9jZzyZq9vWN3Twgh/8HGQhFb/4+d/8ZNcoVGHww83pthZl6QCK6N6345uZXVtfWN/GZha3tnd6+4f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh65rceUWkey3szTtCP6EDykDNqrNQclt3TK+wVS27FnYP8JV5GSpCh3it+dvsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfu2UnFilT8JY2ZKGzNWfExMaaT2OAtsZUTPUy95M/M/rpCa89CdcJqlByRaLwlQQE5PZ66TPFTIjxpZQpri9lbAhVZQZG1DBhuAtv/yXNM8qXrVSvTsv1W6zOPJwBMdQBg8uoAY3UIcGMHiAJ3iBVyd2np03533RmnOymUP4BefjG0oVjlY=</latexit>

h(0) = e
<latexit sha1_base64="NYj6eged4iEXZAq8qEUgf46Uxeo=">AAAB9HicbVC7SgNBFL3rM8ZX1NJmMAixCbsi0UYI2FhYRDAPSJYwO5lNhsw+nLkbDEu+w8ZCEVs/xs6/cZJsoYkHBg7n3MO9c7xYCo22/W2trK6tb2zmtvLbO7t7+4WDw4aOEsV4nUUyUi2Pai5FyOsoUPJWrDgNPMmb3vBm6jdHXGkRhQ84jrkb0H4ofMEoGsnt9CIkg5J9dt15Et1C0S7bM5Bl4mSkCBlq3cKXybMk4CEySbVuO3aMbkoVCib5JN9JNI8pG9I+bxsa0oBrN50dPSGnRukRP1LmhUhm6u9ESgOtx4FnJgOKA73oTcX/vHaC/pWbijBOkIdsvshPJMGITBsgPaE4Qzk2hDIlzK2EDaiiDE1PeVOCs/jlZdI4LzuVcuX+oli9y+rIwTGcQAkcuIQq3EIN6sDgEZ7hFd6skfVivVsf89EVK8scwR9Ynz9VepE3</latexit>

ḣ(0) = ⇠

<latexit sha1_base64="GnjJeVNhh83p+yBAZLwOAZ1dhJU="></latexit>

Adg ⇠ = d
dt

��
0
g h(t) g�1



Lie group Adjoint action
Examples

• The hat map , gives . 

• Because a rotation carries cross products along,  

• Then  

• Giving 

<latexit sha1_base64="uiH5PhEG+yBSUZP9Az2VGqhOj8E="></latexit>

b· : R3 ! so(3) <latexit sha1_base64="LrsnassJgWpUTOEvsKZw3kWS9x4=">AAACBHicbVC7SgNBFJ31GeMraplmMAgWEnZFoo0QsLGwiGAekF3C3dlJMmT2wcxdJSwpbPwVGwtFbP0IO//GyaPQxAMXDufcy733+IkUGm3721paXlldW89t5De3tnd2C3v7DR2nivE6i2WsWj5oLkXE6yhQ8laiOIS+5E1/cDX2m/dcaRFHdzhMuBdCLxJdwQCN1CkU3QcR8D5gBiP3xKeXFKiLIuSa+p1CyS7bE9BF4sxIicxQ6xS+3CBmacgjZBK0bjt2gl4GCgWTfJR3U80TYAPo8bahEZg1XjZ5YkSPjBLQbqxMRUgn6u+JDEKth6FvOkPAvp73xuJ/XjvF7oWXiShJkUdsuqibSooxHSdCA6E4Qzk0BJgS5lbK+qCAocktb0Jw5l9eJI3TslMpV27PStWbWRw5UiSH5Jg45JxUyTWpkTph5JE8k1fyZj1ZL9a79TFtXbJmMwfkD6zPH19Jl1E=</latexit>

ba b = a⇥ b
<latexit sha1_base64="8fO5GrkdYE/jmK7YGiDnVC3aRvI=">AAACBnicbVDLSsNAFJ3UV62vqEsRBouQbkoiUt0IBTcuXFSwrdCGMplO0qGTBzM3hRK6cuOvuHGhiFu/wZ1/47TNQlsPDJx7zr3cucdLBFdg299GYWV1bX2juFna2t7Z3TP3D1oqTiVlTRqLWD54RDHBI9YEDoI9JJKR0BOs7Q2vp357xKTicXQP44S5IQki7nNKQEs98ziwSBd4yBQeVfAVtgJSmddWMKr0zLJdtWfAy8TJSRnlaPTMr24/pmnIIqCCKNVx7ATcjEjgVLBJqZsqlhA6JAHraBoRvcjNZmdM8KlW+tiPpX4R4Jn6eyIjoVLj0NOdIYGBWvSm4n9eJwX/0s14lKTAIjpf5KcCQ4ynmeA+l4yCGGtCqOT6r5gOiCQUdHIlHYKzePIyaZ1VnVq1dndert/mcRTRETpBFnLQBaqjG9RATUTRI3pGr+jNeDJejHfjY95aMPKZQ/QHxucPjfiXUQ==</latexit>

g(a⇥ v) = (ga)⇥ (gv)
<latexit sha1_base64="r2UFcreGEsuGbWPYh1r5UaIcA0c="></latexit>

g ba g�1 v = g(a⇥ (g�1v)) = (ga)⇥ v
<latexit sha1_base64="1rVKEH79vfYTDsg1w7kCEEvzYfI=">AAACEnicbVDLSgMxFM34rPU16tJNsAgKUmZEqhuh4saFiwr2AZ1huJNJ29DMgySjlKHf4MZfceNCEbeu3Pk3pu0I2nogcHLOvSTn+AlnUlnWlzE3v7C4tFxYKa6urW9smlvbDRmngtA6iXksWj5IyllE64opTluJoBD6nDb9/uXIb95RIVkc3apBQt0QuhHrMAJKS5556ISgeiLMLoKh13WOnHsW0B4oDPgc/1yyLoahZ5assjUGniV2TkooR80zP50gJmlII0U4SNm2rUS5GQjFCKfDopNKmgDpQ5e2NY0gpNLNxpGGeF8rAe7EQp9I4bH6eyODUMpB6OvJUQA57Y3E/7x2qjpnbsaiJFU0IpOHOinHKsajfnDABCWKDzQBIpj+KyY9EECUbrGoS7CnI8+SxnHZrpQrNyel6nVeRwHtoj10gGx0iqroCtVQHRH0gJ7QC3o1Ho1n4814n4zOGfnODvoD4+MbuxudjA==</latexit>

Adg ba = cga



Lie group Lie bracket action
Definitions

Definition (Infinitesimal adjoint action)
Differentiate  a second time, now in  along .
The result is a linear map on , equal to the Lie bracket:
 

                .

<latexit sha1_base64="Imi6E0d6uZXYhHCxZxhRGI+zUTU=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXFjQsXFewDpkPJZNI2NJkMyR2hDP0MNy4UcevXuPNvzLSz0NYDgcM595JzT5gIbsB1v53S2vrG5lZ5u7Kzu7d/UD086hiVasraVAmleyExTPCYtYGDYL1EMyJDwbrh5Db3u09MG67iR5gmLJBkFPMhpwSs5PclgbGW2U00G1Rrbt2dA68SryA1VKA1qH71I0VTyWKgghjje24CQUY0cCrYrNJPDUsInZAR8y2NiWQmyOaRZ/jMKhEeKm1fDHiu/t7IiDRmKkM7mUc0y14u/uf5KQyvg4zHSQospouPhqnAoHB+P464ZhTE1BJCNbdZMR0TTSjYliq2BG/55FXSuah7jXrj4bLWvC/qKKMTdIrOkYeuUBPdoRZqI4oUekav6M0B58V5dz4WoyWn2DlGf+B8/gCUBZF/</latexit>

Ad
<latexit sha1_base64="reLTptIU1YH5X3jsphTyk+N4zM8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzYWFgkYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Bj2S2W34s5BVomXkzLkqPdLX71BzNIIpWGCat313MT4GVWGM4HTYi/VmFA2pkPsWipphNrP5odOyblVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDZFG4K3/PIqaV1WvGql2rgq1+7zOApwCmdwAR5cQw3uoA5NYIDwDK/w5jw6L86787FoXXPymRP4A+fzB9MJjQA=</latexit>g

<latexit sha1_base64="GX0a17rwsZat9968se/7zp4cX54=">AAAB+nicbVA9TwJBEN3DL8SvQ0ubi8QEGnJnDNqYkNhYWGAiHwkQsrcMsGFv77I7pyLyU2wsNMbWX2Lnv3GBKxR8ySQv781kZp4fCa7Rdb+t1Mrq2vpGejOztb2zu2dn92s6jBWDKgtFqBo+1SC4hCpyFNCIFNDAF1D3h5dTv34HSvNQ3uIognZA+5L3OKNopI6d7eexcNGChyiPrUdAWujYObfozuAsEy8hOZKg0rG/Wt2QxQFIZIJq3fTcCNtjqpAzAZNMK9YQUTakfWgaKmkAuj2enT5xjo3SdXqhMiXRmam/J8Y00HoU+KYzoDjQi95U/M9rxtg7b4+5jGIEyeaLerFwMHSmOThdroChGBlCmeLmVocNqKIMTVoZE4K3+PIyqZ0UvVKxdHOaK18ncaTJITkieeKRM1ImV6RCqoSRe/JMXsmb9WS9WO/Wx7w1ZSUzB+QPrM8fHouTUQ==</latexit>

g(t) = exp(t⇣)
<latexit sha1_base64="bvORcUvGuuFUdvKpoeBEPYrGads=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi1WXBjQsXFewDmlIm05t26GQSZiZCCf0NNy4UcevPuPNvnLRZaPXAwOGce7lnTpAIro3rfjmltfWNza3ydmVnd2//oHp41NFxqhi2WSxi1QuoRsEltg03AnuJQhoFArvB9Cb3u4+oNI/lg5klOIjoWPKQM2qs5PsRNZNQ0Wk2ng+rNbfuLkD+Eq8gNSjQGlY//VHM0gilYYJq3ffcxAwyqgxnAucVP9WYUDalY+xbKmmEepAtMs/JmVVGJIyVfdKQhfpzI6OR1rMosJN5Rr3q5eJ/Xj814fUg4zJJDUq2PBSmgpiY5AWQEVfIjJhZQpniNithE6ooM7amii3BW/3yX9K5qHuNeuP+sta8K+oowwmcwjl4cAVNuIUWtIFBAk/wAq9O6jw7b877crTkFDvH8AvOxzeKKZIQ</latexit>g

<latexit sha1_base64="XYzddQl3a7AT5Eez/E3S390T0s0="></latexit>

ad⇣ : g ! g, ad⇣ ⇠ = d
dt

��
0
Adexp(t⇣) ⇠ = [⇣, ⇠]



Lie group coadjoint action
Definitions

Definition (Coadjoint actions)
Momenta live in the dual , so we need the duals of  and . 
They are defined by the pairing  between  and :
 

            ,
 
for all , . The coadjoint action of  on  is 

 (the inverse makes it a left action).

<latexit sha1_base64="l9OlHF7431iyFo+tXK+D6DuPcCw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBHERZkRqS4Lbly4qGAf0E5LJs20oZlkSDJKGfofblwo4tZ/ceffmGlnoa0HAodz7uWenCDmTBvX/XZWVtfWNzYLW8Xtnd29/dLBYVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGN9kfuuRKs2keDCTmPoRHgoWMoKNlXrdCJtRqPA4HU575/1S2a24M6Bl4uWkDDnq/dJXdyBJElFhCMdadzw3Nn6KlWGE02mxm2gaYzLGQ9qxVOCIaj+dpZ6iU6sMUCiVfcKgmfp7I8WR1pMosJNZSr3oZeJ/Xicx4bWfMhEnhgoyPxQmHBmJsgrQgClKDJ9YgoliNisiI6wwMbaooi3BW/zyMmleVLxqpXp/Wa7d5XUU4BhO4Aw8uIIa3EIdGkBAwTO8wpvz5Lw4787HfHTFyXeO4A+czx+svpKs</latexit>

g⇤
<latexit sha1_base64="wGtAxk6apz0ZHRoA80Ofcuhp4s0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcVNy5cVLAPaIeSyaRtaJIZk0yhDP0ONy4UcevHuPNvzLSz0NYDgcM593JPThBzpo3rfjuFtfWNza3idmlnd2//oHx41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN9mfntClWaRfDTTmPoCDyUbMIKNlfyewGakRHoTzvrDfrniVt050CrxclKBHI1++asXRiQRVBrCsdZdz42Nn2JlGOF0VuolmsaYjPGQdi2VWFDtp/PQM3RmlRANImWfNGiu/t5IsdB6KgI7mYXUy14m/ud1EzO49lMm48RQSRaHBglHJkJZAyhkihLDp5ZgopjNisgIK0yM7alkS/CWv7xKWhdVr1atPVxW6vd5HUU4gVM4Bw+uoA530IAmEHiCZ3iFN2fivDjvzsditODkO8fwB87nDxOQklk=</latexit>

Adg
<latexit sha1_base64="JjyhKZe4aDHqE4ogfNrKr2ZU0oI=">AAAB+nicbVC7TsMwFHV4lvJKYWSxqJCYqgShwliJhYGhSPQhNVHkOE5r1XYi2wGV0E9hYQAhVr6Ejb/BaTNAy5EsHZ1zr+7xCVNGlXacb2tldW19Y7OyVd3e2d3bt2sHXZVkEpMOTlgi+yFShFFBOppqRvqpJIiHjPTC8VXh9+6JVDQRd3qSEp+joaAxxUgbKbBrHkd6JHmOomngPRKNArvuNJwZ4DJxS1IHJdqB/eVFCc44ERozpNTAdVLt50hqihmZVr1MkRThMRqSgaECcaL8fBZ9Ck+MEsE4keYJDWfq740ccaUmPDSTRVC16BXif94g0/Gln1ORZpoIPD8UZwzqBBY9wIhKgjWbGIKwpCYrxCMkEdamraopwV388jLpnjXcZqN5e15v3ZR1VMAROAanwAUXoAWuQRt0AAYP4Bm8gjfryXqx3q2P+eiKVe4cgj+wPn8A7PCUew==</latexit>

ad⇣
<latexit sha1_base64="JZFWUciBpW71EblZ0Cv3BC1gswI=">AAACBXicbZC7SgNBFIZn4y3G26qlFoNBsAq7ItEyYGNhEcFcILuE2dlJMmQuy8ysEJY0Nr6KjYUitr6DnW/jZLOFJv4w8PGfczhz/ihhVBvP+3ZKK6tr6xvlzcrW9s7unrt/0NYyVZi0sGRSdSOkCaOCtAw1jHQTRRCPGOlE4+tZvfNAlKZS3JtJQkKOhoIOKEbGWn33OGBIDBkJcCxNwGk8B5Wbfbfq1bxccBn8AqqgULPvfgWxxCknwmCGtO75XmLCDClDMSPTSpBqkiA8RkPSsygQJzrM8ium8NQ6MRxIZZ8wMHd/T2SIaz3hke3kyIz0Ym1m/lfrpWZwFWZUJKkhAs8XDVIGjYSzSGBMFcGGTSwgrKj9K8QjpBA2NriKDcFfPHkZ2uc1v16r311UG7dFHGVwBE7AGfDBJWiAG9AELYDBI3gGr+DNeXJenHfnY95acoqZQ/BHzucPRZuZHg==</latexit>

h· | ·i
<latexit sha1_base64="l9OlHF7431iyFo+tXK+D6DuPcCw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBHERZkRqS4Lbly4qGAf0E5LJs20oZlkSDJKGfofblwo4tZ/ceffmGlnoa0HAodz7uWenCDmTBvX/XZWVtfWNzYLW8Xtnd29/dLBYVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGN9kfuuRKs2keDCTmPoRHgoWMoKNlXrdCJtRqPA4HU575/1S2a24M6Bl4uWkDDnq/dJXdyBJElFhCMdadzw3Nn6KlWGE02mxm2gaYzLGQ9qxVOCIaj+dpZ6iU6sMUCiVfcKgmfp7I8WR1pMosJNZSr3oZeJ/Xicx4bWfMhEnhgoyPxQmHBmJsgrQgClKDJ9YgoliNisiI6wwMbaooi3BW/zyMmleVLxqpXp/Wa7d5XUU4BhO4Aw8uIIa3EIdGkBAwTO8wpvz5Lw4787HfHTFyXeO4A+czx+svpKs</latexit>

g⇤ <latexit sha1_base64="bvORcUvGuuFUdvKpoeBEPYrGads=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi1WXBjQsXFewDmlIm05t26GQSZiZCCf0NNy4UcevPuPNvnLRZaPXAwOGce7lnTpAIro3rfjmltfWNza3ydmVnd2//oHp41NFxqhi2WSxi1QuoRsEltg03AnuJQhoFArvB9Cb3u4+oNI/lg5klOIjoWPKQM2qs5PsRNZNQ0Wk2ng+rNbfuLkD+Eq8gNSjQGlY//VHM0gilYYJq3ffcxAwyqgxnAucVP9WYUDalY+xbKmmEepAtMs/JmVVGJIyVfdKQhfpzI6OR1rMosJN5Rr3q5eJ/Xj814fUg4zJJDUq2PBSmgpiY5AWQEVfIjJhZQpniNithE6ooM7amii3BW/3yX9K5qHuNeuP+sta8K+oowwmcwjl4cAVNuIUWtIFBAk/wAq9O6jw7b877crTkFDvH8AvOxzeKKZIQ</latexit>g
<latexit sha1_base64="WlAPzb0r7pqOzZCx0NrT+Q5lc84="></latexit>

hAd⇤g µ | ⇠i = hµ | Adg ⇠i, had⇤⇣ µ | ⇠i = hµ | ad⇣⇠i
<latexit sha1_base64="yanDdbvNgy5PSbO4ISrCl7ePSEk=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8CAlEakeC148eKhgP6ApZbPdtEs3m7A7EUvIxb/ixYMiXv0Z3vw3btoctPXBwOO9GWbm+bHgGhzn21paXlldWy9tlDe3tnd27b39lo4SRVmTRiJSHZ9oJrhkTeAgWCdWjIS+YG1/fJ377QemNI/kPUxi1gvJUPKAUwJG6tuH3iM/8xgQj0svJDAKFBmnw6xvV5yqMwVeJG5BKqhAo29/eYOIJiGTQAXRuus6MfRSooBTwbKyl2gWEzomQ9Y1VJKQ6V46fSDDJ0YZ4CBSpiTgqfp7IiWh1pPQN535jXrey8X/vG4CwVUv5TJOgEk6WxQkAkOE8zTwgCtGQUwMIVRxcyumI6IIBZNZ2YTgzr+8SFrnVbdWrd1dVOq3RRwldISO0Sly0SWqoxvUQE1EUYae0St6s56sF+vd+pi1LlnFzAH6A+vzBz0qluE=</latexit>

⇠, ⌘ 2 g
<latexit sha1_base64="ikIO7W5WNk1orMSURQCkG8mS52g=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEcVESkeqy4MaFiwr2AU0sk+mkHTqZhJmJUEPxV9y4UMSt/+HOv3HSdqGtBwYO59zLPXOChDOlHefbKiwtr6yuFddLG5tb2zv27l5TxakktEFiHst2gBXlTNCGZprTdiIpjgJOW8HwKvdbD1QqFos7PUqoH+G+YCEjWBupax94Ueox4UVYD0KJh1l/fH/atctOxZkALRJ3RsowQ71rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl7xU0QSTIe7TjqECR1T52ST9GB0bpYfCWJonNJqovzcyHCk1igIzmadU814u/ud1Uh1e+hkTSaqpINNDYcqRjlFeBeoxSYnmI0MwkcxkRWSAJSbaFFYyJbjzX14kzbOKW61Ub8/LtZtZHUU4hCM4ARcuoAbXUIcGEHiEZ3iFN+vJerHerY/paMGa7ezDH1ifP97dlYo=</latexit>

µ 2 g⇤ <latexit sha1_base64="6/EX7bnIN8I63mW/zJAAnE40LVk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXAQguLBMwHJEfY28wla/b2jt09IYT8AhsLRWz9SXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfptr1hyy+4cZJV4GSlBhlqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mhU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZl+TPlfIjBhbQpni9lbChlRRZmw2BRuCt/zyKmlelL1KuVK/LFXvszjycAKncA4eXEEV7qAGDWCA8Ayv8OY8Oi/Ou/OxaM052cwx/IHz+QOiiYzg</latexit>

G
<latexit sha1_base64="l9OlHF7431iyFo+tXK+D6DuPcCw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBHERZkRqS4Lbly4qGAf0E5LJs20oZlkSDJKGfofblwo4tZ/ceffmGlnoa0HAodz7uWenCDmTBvX/XZWVtfWNzYLW8Xtnd29/dLBYVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGN9kfuuRKs2keDCTmPoRHgoWMoKNlXrdCJtRqPA4HU575/1S2a24M6Bl4uWkDDnq/dJXdyBJElFhCMdadzw3Nn6KlWGE02mxm2gaYzLGQ9qxVOCIaj+dpZ6iU6sMUCiVfcKgmfp7I8WR1pMosJNZSr3oZeJ/Xicx4bWfMhEnhgoyPxQmHBmJsgrQgClKDJ9YgoliNisiI6wwMbaooi3BW/zyMmleVLxqpXp/Wa7d5XUU4BhO4Aw8uIIa3EIdGkBAwTO8wpvz5Lw4787HfHTFyXeO4A+czx+svpKs</latexit>

g⇤
<latexit sha1_base64="/Qx/BxNCTtmXcWmQ5U2srk4MsXQ=">AAACB3icbVDLSsNAFJ3UV62vqEtBBosggiURqS4rbly4qGAf0KZhMpm0QyeZMDMRSsjOjb/ixoUibv0Fd/6NkzYLrR4Y5nDOvdx7jxczKpVlfRmlhcWl5ZXyamVtfWNzy9zeaUueCExamDMuuh6ShNGItBRVjHRjQVDoMdLxxle537knQlIe3alJTJwQDSMaUIyUllxzf9gPUSwV158aiTC99LPBsZsOB+mJnWWuWbVq1hTwL7ELUgUFmq752fc5TkISKcyQlD3bipWTIqEoZiSr9BNJYoTHaEh6mkYoJNJJp3dk8FArPgy40C9ScKr+7EhRKOUk9HRlvq2c93LxP6+XqODCSWkUJ4pEeDYoSBhUHOahQJ8KghWbaIKwoHpXiEdIIKx0dBUdgj1/8l/SPq3Z9Vr99qzauCniKIM9cACOgA3OQQNcgyZoAQwewBN4Aa/Go/FsvBnvs9KSUfTsgl8wPr4BflOZvw==</latexit>

g 7! Ad⇤g�1



Lie group coadjoint action
Example

<latexit sha1_base64="E4Pds1HaNbQzJv1TNn/+YuAJp/Q=">AAACKHicbVDLSsNAFJ34rPVVdelmsAh1UxKR6kYsuFEQrGAf0IQymUzaoZMHMzdCCfkcN/6KGxFFuvVLnLRdaOuBgTPn3Mu997ix4ApMc2wsLa+srq0XNoqbW9s7u6W9/ZaKEklZk0Yikh2XKCZ4yJrAQbBOLBkJXMHa7vA699tPTCoehY8wipkTkH7IfU4JaKlXurJ9SWjqZakHWcUOCAxcN73N7PuA9ckJvsTzGraBB0zh6a9XKptVcwK8SKwZKaMZGr3Su+1FNAlYCFQQpbqWGYOTEgmcCpYV7USxmNAh6bOupiHRs5x0cmiGj7XiYT+S+oWAJ+rvjpQESo0CV1fmW6t5Lxf/87oJ+BdOysM4ARbS6SA/ERginKeGPS4ZBTHShFDJ9a6YDohODnS2RR2CNX/yImmdVq1atfZwVq7fzeIooEN0hCrIQueojm5QAzURRc/oFX2gT+PFeDO+jPG0dMmY9RygPzC+fwBefqbL</latexit>

d

dt
(I⌦) = I⌦⇥ ⌦

Euler’s equation for rigid bodies 



Lie group symmetry
Definition

Definition (Symmetry)
Let  carry a structure, e.g., a function, a metric, or a symplectic 
form. An action of  on  is a symmetry of that structure if every 

 preserves it.

<latexit sha1_base64="KO+TFMsSy9Kj2FFFRCCTZqXIkPM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx4UEjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9W7LI48nMApnIMHV1CFW6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCroYzm</latexit>

M
<latexit sha1_base64="6/EX7bnIN8I63mW/zJAAnE40LVk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXAQguLBMwHJEfY28wla/b2jt09IYT8AhsLRWz9SXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfptr1hyy+4cZJV4GSlBhlqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mhU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZl+TPlfIjBhbQpni9lbChlRRZmw2BRuCt/zyKmlelL1KuVK/LFXvszjycAKncA4eXEEV7qAGDWCA8Ayv8OY8Oi/Ou/OxaM052cwx/IHz+QOiiYzg</latexit>

G
<latexit sha1_base64="KO+TFMsSy9Kj2FFFRCCTZqXIkPM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx4UEjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9W7LI48nMApnIMHV1CFW6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCroYzm</latexit>

M
<latexit sha1_base64="sK3eek4gbi87MVaAGXpHqcoMB8k=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx48RDAPSJYwO5lNxsxjmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuihLOjPX9b6+wtr6xuVXcLu3s7u0flA+PWkalmtAmUVzpToQN5UzSpmWW006iKRYRp+1ofDPz209UG6bkg50kNBR4KFnMCLZOavUaI9Yf9ssVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJtfO0VnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfB1mTCappZIsFsUpR1ah2etowDQllk8cwUQzdysiI6wxsS6gkgshWH55lbQuqkGtWru/rNTv8jiKcAKncA4BXEEdbqEBTSDwCM/wCm+e8l68d+9j0Vrw8plj+APv8wdiso8O</latexit>

�g

• For an energy :       for all ;


• For a Riemannian metric:      each  is an isometry;


• For a symplectic form :      , i.e., each  is a symplectomorphism.

<latexit sha1_base64="oIU0xmQUo8Hk3sleKAV6gp9h7KU=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzIjUl0WRHChUMU+oDOUTJq2oZnMkNwRytiFv+LGhSJu/Q13/o2ZdhbaeiBwOOfe5OQEseAaHOfbWlhcWl5ZLawV1zc2t7btnd2GjhJFWZ1GIlKtgGgmuGR14CBYK1aMhIFgzWB4kfnNB6Y0j+Q9jGLmh6QveY9TAkbq2PuXXnaJxDceRF5IYBAE6d24Y5ecsjMBniduTkooR61jf3ndiCYhk0AF0brtOjH4KVHAqWDjopdoFhM6JH3WNlSSkGk/neQf4yOjdHEvUuZIwBP190ZKQq1HYWAms4R61svE/7x2Ar1zP+UyToBJOn2olwgMEc7KwF2uGAUxMoRQxU1WTAdEEQqmsqIpwZ398jxpnJTdSrlye1qqXud1FNABOkTHyEVnqIquUA3VEUWP6Bm9ojfryXqx3q2P6eiCle/soT+wPn8A6o2WGA==</latexit>

E : M ! R
<latexit sha1_base64="hNlXFtTVbjleuNAO4TAP5bdyBwk=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0FILmFXJHoRAhLw4CGCeUCyhNnZSTJkHsvMrBiW/IoXD4p49Ue8+TdOkj1oYkFDUdVNd1cYM6qN5307a+sbm1vbuZ387t7+waF7VGhpmShMmlgyqToh0oRRQZqGGkY6sSKIh4y0w/HNzG8/EqWpFA9mEpOAo6GgA4qRsVLfLdRLwx6OpIG8DK9hvcTLfbfoVbw54CrxM1IEGRp996sXSZxwIgxmSOuu78UmSJEyFDMyzfcSTWKEx2hIupYKxIkO0vntU3hmlQgOpLIlDJyrvydSxLWe8NB2cmRGetmbif953cQMroKUijgxRODFokHCoJFwFgSMqCLYsIklCCtqb4V4hBTCxsaVtyH4yy+vktZ5xa9WqvcXxdpdFkcOnIBTUAI+uAQ1cAsaoAkweALP4BW8OVPnxXl3Phata042cwz+wPn8Af7XkoQ=</latexit>

E(g ·m) = E(m) <latexit sha1_base64="19YEnLD2QPrf7DvJQvmfgsLjT1Y=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgIeFOQrQM2FhYRDQfkBxhb7N3WbK7d+zuCeHIT7CxUMTWX2Tnv3GTXKGJDwYe780wMy9IONPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrOFWEtkjMY9UNsKacSdoyzHDaTRTFIuC0E4xvZn7niSrNYvloJgn1BY4kCxnBxkoP0YUYlCtu1Z0DrRIvJxXI0RyUv/rDmKSCSkM41rrnuYnxM6wMI5xOS/1U0wSTMY5oz1KJBdV+Nj91is6sMkRhrGxJg+bq74kMC60nIrCdApuRXvZm4n9eLzXhtZ8xmaSGSrJYFKYcmRjN/kZDpigxfGIJJorZWxEZYYWJsemUbAje8surpH1Z9erV+n2t0rjL4yjCCZzCOXhwBQ24hSa0gEAEz/AKbw53Xpx352PRWnDymWP4A+fzBwXPja0=</latexit>g,m
<latexit sha1_base64="sK3eek4gbi87MVaAGXpHqcoMB8k=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx48RDAPSJYwO5lNxsxjmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuihLOjPX9b6+wtr6xuVXcLu3s7u0flA+PWkalmtAmUVzpToQN5UzSpmWW006iKRYRp+1ofDPz209UG6bkg50kNBR4KFnMCLZOavUaI9Yf9ssVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJtfO0VnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfB1mTCappZIsFsUpR1ah2etowDQllk8cwUQzdysiI6wxsS6gkgshWH55lbQuqkGtWru/rNTv8jiKcAKncA4BXEEdbqEBTSDwCM/wCm+e8l68d+9j0Vrw8plj+APv8wdiso8O</latexit>

�g

<latexit sha1_base64="gbyWD+SD/cpKxSRZHzb+wqIaVK4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx48RDAPSJYwO5lNxsxjmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuihLOjPX9b6+wtr6xuVXcLu3s7u0flA+PWkalmtAmUVzpToQN5UzSpmWW006iKRYRp+1ofDPz209UG6bkg50kNBR4KFnMCLZOavWUoEPcL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7tFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmr6MB05RYPnEEE83crYiMsMbEuoBKLoRg+eVV0rqoBrVq7f6yUr/L4yjCCZzCOQRwBXW4hQY0gcAjPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5bFjzA=</latexit>!
<latexit sha1_base64="IohLgNRT9/hikuVKsnhygd3dkvY=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIoiLkohUN0LBjQsXFewFmhgm00k6dCYTZiZCCd34Km5cKOLWx3Dn2zhts9DWHwY+/nMOZ84fpowq7TjfVmlpeWV1rbxe2djc2t6xd/faSmQSkxYWTMhuiBRhNCEtTTUj3VQSxENGOuHwelLvPBKpqEju9SglPkdxQiOKkTZWYB94zQEN4odTT3ASI3gFZxDYVafmTAUXwS2gCgo1A/vL6wuccZJozJBSPddJtZ8jqSlmZFzxMkVShIcoJj2DCeJE+fn0gDE8Nk4fRkKal2g4dX9P5IgrNeKh6eRID9R8bWL+V+tlOrr0c5qkmSYJni2KMga1gJM0YJ9KgjUbGUBYUvNXiAdIIqxNZhUTgjt/8iK0z2puvVa/O682bos4yuAQHIET4IIL0AA3oAlaAIMxeAav4M16sl6sd+tj1lqyipl98EfW5w9ybpW4</latexit>

�⇤
g! = !

<latexit sha1_base64="sK3eek4gbi87MVaAGXpHqcoMB8k=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx48RDAPSJYwO5lNxsxjmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuihLOjPX9b6+wtr6xuVXcLu3s7u0flA+PWkalmtAmUVzpToQN5UzSpmWW006iKRYRp+1ofDPz209UG6bkg50kNBR4KFnMCLZOavUaI9Yf9ssVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJtfO0VnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfB1mTCappZIsFsUpR1ah2etowDQllk8cwUQzdysiI6wxsS6gkgshWH55lbQuqkGtWru/rNTv8jiKcAKncA4BXEEdbqEBTSDwCM/wCm+e8l68d+9j0Vrw8plj+APv8wdiso8O</latexit>

�g



Structures in PDEs Modelling Nature
Noether’s theorem

• For every continuous symmetry of system  an equivalent conservation law.


• Time translation symmetry  Conservation of energy


• Translation symmetry  Conservation of linear momentum


• Rotation symmetry  Conservation of angular momentum


• Gauge symmetry  e.g. Conservation of electric charge


• Particle relabelling symmetry  Conservation of circulation

↔
⟷

⟷
⟷

⟷
⟷

Emmy Noether



Lie group reduction due to symmetry
Special change of variables that preserve the structure

• Since the Lagrangian is invariant under these symmetry directions, some 
configurations are redundant degrees of freedom.


• So, we quotient out the redundant directions (reduction), and express the 
Lagrangian in reduced variables.


• Reduced action based on reduced Lagrangian

<latexit sha1_base64="4T2AqUIUHrIj7Mr1SefgBT72e10=">AAACHHicbVDLSgNBEJyNrxhfUY9eBoOQQAi7KtGLEPDiIYcI5gFJCLOzs8mQ2UdmeoWw5EO8+CtePCjixYPg3zhJFtHEgoaiqpvuLjsUXIFpfhmpldW19Y30ZmZre2d3L7t/0FBBJCmr00AEsmUTxQT3WR04CNYKJSOeLVjTHl5P/eY9k4oH/h2MQ9b1SN/nLqcEtNTLnlXzo2LHCQCPCvgKV/Od2oD3+vlRoYg74EpCY2cSOzDBP0ahl82ZJXMGvEyshORQglov+6E30MhjPlBBlGpbZgjdmEjgVLBJphMpFhI6JH3W1tQnHlPdePbcBJ9oxcFuIHX5gGfq74mYeEqNPVt3egQGatGbiv957Qjcy27M/TAC5tP5IjcSGAI8TQo7XDIKYqwJoZLrWzEdEJ0I6DwzOgRr8eVl0jgtWeVS+fY8V6kmcaTRETpGeWShC1RBN6iG6oiiB/SEXtCr8Wg8G2/G+7w1ZSQzh+gPjM9vpWyfVA==</latexit>

L(q, q̇) = L(�g(q),
d
dt�g(q))

<latexit sha1_base64="W3WGKC1j3AS937sABp5OOspxUNQ="></latexit>

L(q, q̇) =)
reduce

`(u)

<latexit sha1_base64="GONJ9lwfYFyvIex0fDzw+kq1xB4=">AAACDXicbVA9SwNBEN3zM8avqKXNYhS0CXci0UYI2FgIRkiikDvD3mYSl+ztHbtzQgj5Azb+FRsLRWzt7fw3bpJD/How8Hhvhpl5YSKFQdf9cKamZ2bn5nML+cWl5ZXVwtp6w8Sp5lDnsYz1VcgMSKGgjgIlXCUaWBRKuAx7JyP/8ha0EbGqYT+BIGJdJTqCM7RSq7Btdv3zCLpsjx5TXyhsudc16oOUX3obW4WiW3LHoH+Jl5EiyVBtFd79dszTCBRyyYxpem6CwYBpFFzCMO+nBhLGe6wLTUsVi8AEg/E3Q7pjlTbtxNqWQjpWv08MWGRMPwptZ8Twxvz2RuJ/XjPFzlEwECpJERSfLOqkkmJMR9HQttDAUfYtYVwLeyvlN0wzjjbAvA3B+/3yX9LYL3nlUvnioFg5y+LIkU2yRXaJRw5JhZySKqkTTu7IA3kiz8698+i8OK+T1iknm9kgP+C8fQJLo5nd</latexit>

s(⌦) =

Z T

0
`(⌦)dt



Reduced Variational Optimization
After change of variables they get Lin constraints

Definition (Lin constraints)
Write  for the variation of  translated to the identity 
and vanishing at the endpoints.
 
            ,
 
This relation on is called the Lin constraints.

<latexit sha1_base64="u9OvFSOlwATG9XqMOgwIjj8AnxQ=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEN5ZEpLoRCm5cuKjFPqCJZTK5aYdOHsxMhBIK/oobF4q49Tvc+TdO2yy09cCFM+fcy9x7vIQzqSzr2ygsLa+srhXXSxubW9s75u5eS8apoNCkMY9FxyMSOIugqZji0EkEkNDj0PaG1xO//QhCsji6V6ME3JD0IxYwSpSWeuaBA4rgK9x4yE7tseMD189GzyxbFWsKvEjsnJRRjnrP/HL8mKYhRIpyImXXthLlZkQoRjmMS04qISF0SPrQ1TQiIUg3m64/xsda8XEQC12RwlP190RGQilHoac7Q6IGct6biP953VQFl27GoiRVENHZR0HKsYrxJAvsMwFU8ZEmhAqmd8V0QAShSidW0iHY8ycvktZZxa5Wqnfn5dptHkcRHaIjdIJsdIFq6AbVURNRlKFn9IrejCfjxXg3PmatBSOf2Ud/YHz+AF1alIM=</latexit>

⌘ = R�1�R
<latexit sha1_base64="txLR6qC49dmylB2IpEXo9JFjyh0=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoMQm3AnEi0DNhYWUcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJObzO88UaVZJB/NNKa+wCPJQkawyaSHqjkflCtuzZ0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7rDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhtZ8yGSeGSrJYFCYcmQhlj6MhU5QYPrUEE8XsrYiMscLE2HhKNgRv+eVV0r6oefVa/f6y0rjL4yjCCZxCFTy4ggbcQhNaQGAMz/AKb45wXpx352PRWnDymWP4A+fzB05Tjc4=</latexit>

R(t)

<latexit sha1_base64="pfuGm7q2wDjpYjUwuwQnfhm0GT8="></latexit>

�⌦ = ⌘̇ + [⌦, ⌘ ] = ⌘̇ + ad⌦ ⌘, ⌘(t0) = ⌘(t1) = 0



Reduced Variational Optimization
After change of variables they get Lin constraints

<latexit sha1_base64="GONJ9lwfYFyvIex0fDzw+kq1xB4=">AAACDXicbVA9SwNBEN3zM8avqKXNYhS0CXci0UYI2FgIRkiikDvD3mYSl+ztHbtzQgj5Azb+FRsLRWzt7fw3bpJD/How8Hhvhpl5YSKFQdf9cKamZ2bn5nML+cWl5ZXVwtp6w8Sp5lDnsYz1VcgMSKGgjgIlXCUaWBRKuAx7JyP/8ha0EbGqYT+BIGJdJTqCM7RSq7Btdv3zCLpsjx5TXyhsudc16oOUX3obW4WiW3LHoH+Jl5EiyVBtFd79dszTCBRyyYxpem6CwYBpFFzCMO+nBhLGe6wLTUsVi8AEg/E3Q7pjlTbtxNqWQjpWv08MWGRMPwptZ8Twxvz2RuJ/XjPFzlEwECpJERSfLOqkkmJMR9HQttDAUfYtYVwLeyvlN0wzjjbAvA3B+/3yX9LYL3nlUvnioFg5y+LIkU2yRXaJRw5JhZySKqkTTu7IA3kiz8698+i8OK+T1iknm9kgP+C8fQJLo5nd</latexit>

s(⌦) =

Z T

0
`(⌦)dt

Reduced action based on reduced Lagrangian

<latexit sha1_base64="BEmlThDEheZztQSfXRlgiufQge8="></latexit>

�s(⌦)

�⌦
= 0 s.t �⌦ = ⌘̇ + ad⌦⌘

Reduced Hamilton’s stationary action principle

Reduced Hamilton’s stationary action principle
<latexit sha1_base64="qeWFoRDU4R+jsWLn1KUPxJ4tirY="></latexit>

@

@t

�`

�⌦
= ad⇤⌦

�`

�⌦
Conjugate momentum

<latexit sha1_base64="HM5lXjB/Cysnq3DtYecMgrntCqg=">AAACL3icbVDLSgMxFM34tr6qLt0Ei+CqzoioS8GNC8EKVoVOKZn0Tg1mkjG5I5RhPsMPce1Wv0HciNv+hZm2iK8DgZNz7iM5USqFRd9/8yYmp6ZnZufmKwuLS8sr1dW1S6szw6HJtdTmOmIWpFDQRIESrlMDLIkkXEW3x6V/dQ/GCq0usJ9CO2E9JWLBGTqpU90JG4KG5RwFd3c0jA3jedgFiYyGIGXxdTlLoMeKTrXm1/0h6F8SjEmNjNHoVAdhV/MsAYVcMmtbgZ9iO2cGBZdQVMLMQsr4LetBy1HFErDtfPixgm45pUtjbdxRSIfq946cJdb2k8hVJgxv7G+vFP/zWhnGh+1cqDRDUHy0KM4kRU3LlGhXGOAo+44wboR7K+U3zGWDLssfW8rZqLW0RcVlE/xO4i+53K0H+/X9873a0ek4pTmyQTbJNgnIATkiJ6RBmoSTB/JEnsmL9+i9eu/ex6h0whv3rJMf8AafBk2qVw==</latexit>

⇧ :=
�`

�⌦

<latexit sha1_base64="+W26f1TPmDcRR4fJWc3TX5tORjc=">AAACDHicbVDLSgMxFM3UV62vqks3wSJU0DIjUt0IBTcuXFSwD+gMJZPJtKHJzJDcEcvQD3Djr7hxoYhbP8Cdf2P6WGj1QOBwzrlJ7vETwTXY9peVW1hcWl7JrxbW1jc2t4rbO00dp4qyBo1FrNo+0UzwiDWAg2DtRDEifcFa/uBy7LfumNI8jm5hmDBPkl7EQ04JGKlbLLlBDNitc3yBj11g96BkpnuKBCP3CPfLxjk0KbtiT4D/EmdGSmiGerf4aW6lqWQRUEG07jh2Al5GFHAq2KjgppolhA5Ij3UMjYhk2ssmy4zwgVECHMbKnAjwRP05kRGp9VD6JikJ9PW8Nxb/8zophOdexqMkBRbR6UNhKjDEeNwMDrhiFMTQEEIVN3/FtE8UoWD6K5gSnPmV/5LmScWpVqo3p6Xa9ayOPNpD+6iMHHSGaugK1VEDUfSAntALerUerWfrzXqfRnPWbGYX/YL18Q2c0Jof</latexit>

⇧̇ = �sgradh(⇧)



Symplectic foliation

Dual Lie algebra  
is a Poisson space

<latexit sha1_base64="itmDWY4V1UY3tMHIb45WVJKSTjM=">AAAB9XicdVDLSgMxFM34rPVVdekmWARxMUysndZdwY0LFxXsA9ppyaSZNjSTGZKMUob+hxsXirj1X9z5N2baCip6IHA4517uyfFjzpR2nA9raXlldW09t5Hf3Nre2S3s7TdVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Y8vM791R6VikbjVk5h6IR4KFjCCtZF63RDrUSDxOB1Oe6f9QtGxUbmKygg6dgmVKm5G3JJ7UUUQ2c4MRbBAvV947w4ikoRUaMKxUh3kxNpLsdSMcDrNdxNFY0zGeEg7hgocUuWls9RTeGyUAQwiaZ7QcKZ+30hxqNQk9M1kllL99jLxL6+T6KDqpUzEiaaCzA8FCYc6glkFcMAkJZpPDMFEMpMVkhGWmGhTVN6U8PVT+D9pntnItd2b82LtelFHDhyCI3ACEKiAGrgCddAABEjwAJ7As3VvPVov1ut8dMla7ByAH7DePgEY75L3</latexit>

g⇤

Definition (Casimir)
Casimirs or Lie’s distinguished functions are functions that are  
constant along each symplectic leaf.

symplectic 
leaf

sgrad of some  
function

Coadjoint orbits

Conjugate momentum

<latexit sha1_base64="HM5lXjB/Cysnq3DtYecMgrntCqg=">AAACL3icbVDLSgMxFM34tr6qLt0Ei+CqzoioS8GNC8EKVoVOKZn0Tg1mkjG5I5RhPsMPce1Wv0HciNv+hZm2iK8DgZNz7iM5USqFRd9/8yYmp6ZnZufmKwuLS8sr1dW1S6szw6HJtdTmOmIWpFDQRIESrlMDLIkkXEW3x6V/dQ/GCq0usJ9CO2E9JWLBGTqpU90JG4KG5RwFd3c0jA3jedgFiYyGIGXxdTlLoMeKTrXm1/0h6F8SjEmNjNHoVAdhV/MsAYVcMmtbgZ9iO2cGBZdQVMLMQsr4LetBy1HFErDtfPixgm45pUtjbdxRSIfq946cJdb2k8hVJgxv7G+vFP/zWhnGh+1cqDRDUHy0KM4kRU3LlGhXGOAo+44wboR7K+U3zGWDLssfW8rZqLW0RcVlE/xO4i+53K0H+/X9873a0ek4pTmyQTbJNgnIATkiJ6RBmoSTB/JEnsmL9+i9eu/ex6h0whv3rJMf8AafBk2qVw==</latexit>

⇧ :=
�`

�⌦

<latexit sha1_base64="+W26f1TPmDcRR4fJWc3TX5tORjc=">AAACDHicbVDLSgMxFM3UV62vqks3wSJU0DIjUt0IBTcuXFSwD+gMJZPJtKHJzJDcEcvQD3Djr7hxoYhbP8Cdf2P6WGj1QOBwzrlJ7vETwTXY9peVW1hcWl7JrxbW1jc2t4rbO00dp4qyBo1FrNo+0UzwiDWAg2DtRDEifcFa/uBy7LfumNI8jm5hmDBPkl7EQ04JGKlbLLlBDNitc3yBj11g96BkpnuKBCP3CPfLxjk0KbtiT4D/EmdGSmiGerf4aW6lqWQRUEG07jh2Al5GFHAq2KjgppolhA5Ij3UMjYhk2ssmy4zwgVECHMbKnAjwRP05kRGp9VD6JikJ9PW8Nxb/8zophOdexqMkBRbR6UNhKjDEeNwMDrhiFMTQEEIVN3/FtE8UoWD6K5gSnPmV/5LmScWpVqo3p6Xa9ayOPNpD+6iMHHSGaugK1VEDUfSAntALerUerWfrzXqfRnPWbGYX/YL18Q2c0Jof</latexit>

⇧̇ = �sgradh(⇧)



Different Lie groups, different coadjoint actions
The setup remains the same

<latexit sha1_base64="qigBxDDqbKgAA5vcXSP332eeTO0="></latexit>

` : g ! R, `(⌦) = 1
2 ⌦

>I⌦.
<latexit sha1_base64="pCYn8pRTdwNYMtc3y6hDYGwjIvQ="></latexit>

⇧̇ = ⇧⇥ ⌦ or I⌦̇ = I⌦⇥ ⌦

Rigid body dynamics

<latexit sha1_base64="eHn+/x5ER+LMwyvgyQHEc03QoVc="></latexit>

` : g ! R, `(u) = 1
2

Z

M
|u|2 dx.

<latexit sha1_base64="aa7SV9NHNcib3kLT/s7iTpOKgwU="></latexit>

@

@t

�`

�u
= � ad⇤u

�`

�u
, or ṁ = � ad⇤u m

Ideal fluid dynamics

<latexit sha1_base64="/4xZe1e1Tgs0Gu80fTRVQEOX+Ts="></latexit>

@

@t
⌘ = �Lu⌘, u = Pdiv=0(⌘

])

<latexit sha1_base64="/4xZe1e1Tgs0Gu80fTRVQEOX+Ts="></latexit>

@

@t
⌘ = �Lu⌘, u = Pdiv=0(⌘

])

<latexit sha1_base64="aa7SV9NHNcib3kLT/s7iTpOKgwU="></latexit>

@

@t

�`

�u
= � ad⇤u

�`

�u
, or ṁ = � ad⇤u m

<latexit sha1_base64="5E4l/Rz7LUoriVibhUwLGA6OhBI=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoMgFuFOJFoGbCwsIpgPSM6wt9lL1uztHrt7QjjyH2wsFLH1/9j5b9xLrtDEBwOP92aYmRfEnGnjut9OYWV1bX2juFna2t7Z3SvvH7S0TBShTSK5VJ0Aa8qZoE3DDKedWFEcBZy2g/F15refqNJMinsziakf4aFgISPYWKnVi0fs4axfrrhVdwa0TLycVCBHo1/+6g0kSSIqDOFY667nxsZPsTKMcDot9RJNY0zGeEi7lgocUe2ns2un6MQqAxRKZUsYNFN/T6Q40noSBbYzwmakF71M/M/rJia88lMm4sRQQeaLwoQjI1H2OhowRYnhE0swUczeisgIK0yMDahkQ/AWX14mrfOqV6vW7i4q9ds8jiIcwTGcggeXUIcbaEATCDzCM7zCmyOdF+fd+Zi3Fpx85hD+wPn8ATW5jvA=</latexit>

�⇤

<latexit sha1_base64="D5bTC0A1R4WoQYMfYU2ydn+fG9g=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSKIh7IrUj0WvHjwUMF+QLuUbJptY7NJSLJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvEhxZqzvf3srq2vrG5uFreL2zu7efungsGlkqgltEMmlbkfYUM4EbVhmOW0rTXEScdqKRjdTv/VEtWFSPNixomGCB4LFjGDrpGZXDVnvvFcq+xV/BrRMgpyUIUe9V/rq9iVJEyos4diYTuArG2ZYW0Y4nRS7qaEKkxEe0I6jAifUhNns2gk6dUofxVK7EhbN1N8TGU6MGSeR60ywHZpFbyr+53VSG1+HGRMqtVSQ+aI45chKNH0d9ZmmxPKxI5ho5m5FZIg1JtYFVHQhBIsvL5PmRSWoVqr3l+XaXR5HAY7hBM4ggCuowS3UoQEEHuEZXuHNk96L9+59zFtXvHzmCP7A+/wBNz6O8Q==</latexit>

�⇤

<latexit sha1_base64="65fImMxMd9yvVtPDFixKbFjCYvs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPBiwcPFewHtKFstpt26e4m7E6EEvoXvHhQxKt/yJv/xk2bg1YfDDzem2FmXpgIbtDzvpzS2vrG5lZ5u7Kzu7d/UD086pg41ZS1aSxi3QuJYYIr1kaOgvUSzYgMBeuG05vc7z4ybXisHnCWsECSseIRpwRzacCQDKs1r+4t4P4lfkFqUKA1rH4ORjFNJVNIBTGm73sJBhnRyKlg88ogNSwhdErGrG+pIpKZIFvcOnfPrDJyo1jbUugu1J8TGZHGzGRoOyXBiVn1cvE/r59idB1kXCUpMkWXi6JUuBi7+ePuiGtGUcwsIVRze6tLJ0QTijaeig3BX335L+lc1P1GvXF/WWveFXGU4QRO4Rx8uIIm3EIL2kBhAk/wAq+OdJ6dN+d92Vpyiplj+AXn4xsPdo5N</latexit>⌘

<latexit sha1_base64="GxN53pr8BbBMJh1dRhSm/rhWIvM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo8FLx48VLAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQ293tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrj4brWui/iKMMZnMMleNCEFtxBGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDGhyOVA==</latexit>

�
<latexit sha1_base64="GxN53pr8BbBMJh1dRhSm/rhWIvM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo8FLx48VLAf0Iay2W6apbubsLsRSuhf8OJBEa/+IW/+GzdtDtr6YODx3gwz84KEM21c99spbWxube+Udyt7+weHR9Xjk66OU0Voh8Q8Vv0Aa8qZpB3DDKf9RFEsAk57wfQ293tPVGkWy0czS6gv8ESykBFscmmYRGxUrbl1dwG0TryC1KBAe1T9Go5jkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEIHlkosqPazxa1zdGGVMQpjZUsatFB/T2RYaD0Tge0U2ER61cvF/7xBasIbP2MySQ2VZLkoTDkyMcofR2OmKDF8ZgkmitlbEYmwwsTYeCo2BG/15XXSvap7jXrj4brWui/iKMMZnMMleNCEFtxBGzpAIIJneIU3RzgvzrvzsWwtOcXMKfyB8/kDGhyOVA==</latexit>

�



Rigid Body dynamics
The geometric picture

<latexit sha1_base64="xLwnfo7AmDkdVdFMOfYN22sh4U0=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSLUTZlRqS6LblxWsA9oS8mkmTY0kwxJplCG/okbF4q49U/c+Tdm2llo64HA4Zx7uScniDnTxvO+nbX1jc2t7cJOcXdv/+DQPTpuapkoQhtEcqnaAdaUM0EbhhlO27GiOAo4bQXj+8xvTajSTIonM41pL8JDwUJGsLFS33W7ETajUOFxquWsfHXRd0texZsDrRI/JyXIUe+7X92BJElEhSEca93xvdj0UqwMI5zOit1E0xiTMR7SjqUCR1T30nnyGTq3ygCFUtknDJqrvzdSHGk9jQI7meXUy14m/ud1EhPe9lIm4sRQQRaHwoQjI1FWAxowRYnhU0swUcxmRWSEFSbGllW0JfjLX14lzcuKX61UH69Ltbu8jgKcwhmUwYcbqMED1KEBBCbwDK/w5qTOi/PufCxG15x85wT+wPn8ASu6k14=</latexit>

so(3)
body / object coordinate-frame 
(space of angular momentums)

Energy  
level sets

Angular momentum  
level sets

Dynamics of  
rigid body motion

(Coadjoint orbits)

Hendrik
Casimir 
1909-2000 “Casimir” 

constant of motion
<latexit sha1_base64="jK/9do4mj9kv5zNem+x6fthRZQ4=">AAAB/XicdVDLSgNBEJz1bXzFx83LYBA8LbMasuYgBL148BDBRCEJYXYySQZnZ5eZXjFugr/ixYMiXv0Pb/6Nk4egogUNRVU33V1BLIUBQj6cqemZ2bn5hcXM0vLK6lp2faNqokQzXmGRjPRVQA2XQvEKCJD8KtachoHkl8H1ydC/vOHaiEhdQC/mjZB2lGgLRsFKzexWv3/W7+MjXAd+CymLlIFBM5sjLsnni4Rg4h74xULet6Tge36RYM8lI+TQBOVm9r3eilgScgVMUmNqHomhkVINgkk+yNQTw2PKrmmH1yxVNOSmkY6uH+Bdq7RwO9K2FOCR+n0ipaExvTCwnSGFrvntDcW/vFoC7cNGKlScAFdsvKidSAwRHkaBW0JzBrJnCWVa2Fsx61JNGdjAMjaEr0/x/6S673oFt3Cez5WOJ3EsoG20g/aQh3xUQqeojCqIoTv0gJ7Qs3PvPDovzuu4dcqZzGyiH3DePgFA/5XK</latexit>

||L|| = const

https://www.youtube.com/watch?v=BPMjcN-sBJ4


<latexit sha1_base64="WFRXqPF/qxje5dXFWEpSj8Lu5W8="></latexit>u
<latexit sha1_base64="eqCNGmELauc1LAsJztHOe6N/Ss8="></latexit>

Xdiv

Space of divergence-free velocities

dual

Space of circulations

<latexit sha1_base64="76RMSWzmkuh9ZjjC3haDjdSwZ04="></latexit>

u[

<latexit sha1_base64="n/to48Ch0LaBXTPTvL29HJeGBHE="></latexit>

T ⇤Q

<latexit sha1_base64="fCt81R80+KcIe5nEsJqn94F04lw="></latexit>

(�,u[)
<latexit sha1_base64="76RMSWzmkuh9ZjjC3haDjdSwZ04="></latexit>

u[

<latexit sha1_base64="2LBSKjkRfEbV8+vLJt/87Lt7UgE="></latexit>

X⇤div

Space of circulations

<latexit sha1_base64="k+kpN57FFC0nF9Txz986tA+IVC0="></latexit>

HEuler
Symplectic Reduction

Momentum 
map J

<latexit sha1_base64="mGNHk7XLgtlmr8GZQZcgO2mTGOA="></latexit>

Using symmetry and conservation laws of ideal fluids

Question: What is the quantity 
associated to each orbits?



fluids dynamics 

Primary objective:
Capture the intricate

vortical dynamics and 
         associated conservation laws. 

Incompressible 
& 

Inviscid

Ideal



Kelvin circulation theorem

C
<latexit sha1_base64="5L1l0uwoCXLr2p3uwS2LWKFd2kI="></latexit>

�t(C)
<latexit sha1_base64="zQsnbleL1npoqQ8lzcR2g9EwurU="></latexit>

Circulation conservation

<latexit sha1_base64="fsMVOIcPPRWcTy4heGsR/gkOcE0="></latexit>

d
d t

H

�t (C)
u · dl= 0 for all  

 loop C
<latexit sha1_base64="5L1l0uwoCXLr2p3uwS2LWKFd2kI="></latexit>

Circulation: integration 
of velocity covector 

 
<latexit sha1_base64="9/BweIiARcaWGrTNP4zqZEUlNEA=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUkDIjUkUQim5cVrAP6Iwlk2ba0MyD5I5Qhv6EG3/FjQtF3Aru/BvT6YDaeiDkcM693HuPGwmuwDS/jNzC4tLySn61sLa+sblV3N5pqjCWlDVoKELZdoliggesARwEa0eSEd8VrOUOryZ+655JxcPgFkYRc3zSD7jHKQEtdYtHtk9g4HpJPL6zPUEAn1/gHw3btBcCLqffYbdYMitmCjxPrIyUUIZ6t/hp90Ia+ywAKohSHcuMwEmIBE4FGxfsWLGI0CHps46mAfGZcpL0qjE+0EoPe6HULwCcqr87EuIrNfJdXTnZV816E/E/rxODd+YkPIhiYAGdDvJigSHEk4hwj0tGQYw0IVRyvSumAyIJBR1kQYdgzZ48T5rHFataqd6clGqXWRx5tIf2URlZ6BTV0DWqowai6AE9oRf0ajwaz8ab8T4tzRlZzy76A+PjG9LFnpk=</latexit>

u[ := u · (·)



Kelvin circulation theorem

<latexit sha1_base64="fsMVOIcPPRWcTy4heGsR/gkOcE0="></latexit>

d
d t

H

�t (C)
u · dl= 0 for all  

 loop C
<latexit sha1_base64="5L1l0uwoCXLr2p3uwS2LWKFd2kI="></latexit>

Theorem (Helmholtz 1858, Kelvin 1869)
Vortex lines are transported by the flow

=)<latexit sha1_base64="QA9sFTJMw+bYJAI8AbbVsLkM6VA="></latexit>

Circulation conservation



Theorem (Helmholtz 1858, Kelvin 1869)
Vortex lines are transported by the flow

=)<latexit sha1_base64="QA9sFTJMw+bYJAI8AbbVsLkM6VA="></latexit>

2D Casimirs:
<latexit sha1_base64="C/EI9pQOsPz3H1Tr2z7Is/+Fvek="></latexit>

W =
R

W f (curlu) dA

3D Casimir (helicity):
H =
R

W u · (curlu) dV
<latexit sha1_base64="bIWZbuK0Q6Z3lWCKMa5CzLYvK5c="></latexit>

Goal: Preserve these 
Casimirs during simulation.

[Schaufelberger 2020]

Circulation conservation

Coadjoint orbits
.

Casimirs remain constant
over each orbit.



CO-FLIP (Ours)
Side view Head-on view

Vo
rti

cit
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Topological Hydrodynamics



CO-FLIP (Ours)

Side view Head-on view

Vo
rti

cit
y (

1/
s)

0
10

Our method captures the unknot separation 
at a low resolution of 64x64x64. 



Overview

Lagrangian and 
Hamiltonian Mechanics

Discretization as a  
constrained variational 

problem

Lie groups, Symmetry, 
and Reduction



Applications



Holonomic systems
Systems with position constraints

<latexit sha1_base64="pZRl6c7o5pBYa4NnDdxH3nbJ0nw="></latexit>

argmin
xt,ut

Z

[0,1]
L(xt, ut)dt

<latexit sha1_base64="O2yXhu3NaHIcSsRUCejV7/Ze1mw=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAixCbsi0UYI2lhGMA/IhjA7mSRjZmfXmbuSsKS28VdsLBSx9Qvs/BsnyRaaeGDgcM693DnHjwTX4Djf1sLi0vLKamYtu76xubVt7+xWdRgryio0FKGq+0QzwSWrAAfB6pFiJPAFq/n9q7Ffe2BK81DewjBizYB0Je9wSsBILfvAAzaARMf+HaOAIRx59zFp425+0IJjfIGdlp1zCs4EeJ64KcmhFOWW/eW1QxoHTAIVROuG60TQTIgCTgUbZb1Ys4jQPumyhqGSBEw3k0mUET4ySht3QmWeBDxRf28kJNB6GPhmMiDQ07PeWPzPa8TQOW8mXEYxMEmnhzqxMInxuBfc5soUIIaGEKq4+SumPaIIBdNe1pTgzkaeJ9WTglssFG9Oc6XLtI4M2keHKI9cdIZK6BqVUQVR9Iie0St6s56sF+vd+piOLljpzh76A+vzByeImeM=</latexit>

subject to g(xt) = 0



Holonomic systems
Systems with position constraints

• Pendulum motion —> Constraint: Fixed wire length


• Helicopter motion —> Constraint: Path obstacles


• Ideal Fluid motion —> Constraint: Volume preservation

<latexit sha1_base64="pZRl6c7o5pBYa4NnDdxH3nbJ0nw="></latexit>

argmin
xt,ut

Z

[0,1]
L(xt, ut)dt

<latexit sha1_base64="O2yXhu3NaHIcSsRUCejV7/Ze1mw=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAixCbsi0UYI2lhGMA/IhjA7mSRjZmfXmbuSsKS28VdsLBSx9Qvs/BsnyRaaeGDgcM693DnHjwTX4Djf1sLi0vLKamYtu76xubVt7+xWdRgryio0FKGq+0QzwSWrAAfB6pFiJPAFq/n9q7Ffe2BK81DewjBizYB0Je9wSsBILfvAAzaARMf+HaOAIRx59zFp425+0IJjfIGdlp1zCs4EeJ64KcmhFOWW/eW1QxoHTAIVROuG60TQTIgCTgUbZb1Ys4jQPumyhqGSBEw3k0mUET4ySht3QmWeBDxRf28kJNB6GPhmMiDQ07PeWPzPa8TQOW8mXEYxMEmnhzqxMInxuBfc5soUIIaGEKq4+SumPaIIBdNe1pTgzkaeJ9WTglssFG9Oc6XLtI4M2keHKI9cdIZK6BqVUQVR9Iie0St6s56sF+vd+piOLljpzh76A+vzByeImeM=</latexit>

subject to g(xt) = 0

https://www.youtube.com/watch?v=0nhS8gnduUQ


Nonholonomic systems
Systems with velocity constraints

<latexit sha1_base64="pZRl6c7o5pBYa4NnDdxH3nbJ0nw="></latexit>

argmin
xt,ut

Z

[0,1]
L(xt, ut)dt

<latexit sha1_base64="O2yXhu3NaHIcSsRUCejV7/Ze1mw=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAixCbsi0UYI2lhGMA/IhjA7mSRjZmfXmbuSsKS28VdsLBSx9Qvs/BsnyRaaeGDgcM693DnHjwTX4Djf1sLi0vLKamYtu76xubVt7+xWdRgryio0FKGq+0QzwSWrAAfB6pFiJPAFq/n9q7Ffe2BK81DewjBizYB0Je9wSsBILfvAAzaARMf+HaOAIRx59zFp425+0IJjfIGdlp1zCs4EeJ64KcmhFOWW/eW1QxoHTAIVROuG60TQTIgCTgUbZb1Ys4jQPumyhqGSBEw3k0mUET4ySht3QmWeBDxRf28kJNB6GPhmMiDQ07PeWPzPa8TQOW8mXEYxMEmnhzqxMInxuBfc5soUIIaGEKq4+SumPaIIBdNe1pTgzkaeJ9WTglssFG9Oc6XLtI4M2keHKI9cdIZK6BqVUQVR9Iie0St6s56sF+vd+piOLljpzh76A+vzByeImeM=</latexit>

subject to g(xt) = 0
<latexit sha1_base64="hhhKvaovG8MWdm7Ui+I/MiEd8k0=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GITdgViTZC0MYygnlAsiyzk0kyZvbhzB0xLKlt/BUbC0Vs/QI7/8bJo9DEAwOHc+7lzjlBIrgCx/m2MguLS8sr2dXc2vrG5pa9vVNTsZaUVWksYtkIiGKCR6wKHARrJJKRMBCsHvQvR379nknF4+gGBgnzQtKNeIdTAkby7f0WsAdIlQ5uGQUM8bB1p0kb9wrahyN8jh3fzjtFZww8T9wpyaMpKr791WrHVIcsAiqIUk3XScBLiQROBRvmWlqxhNA+6bKmoREJmfLScZQhPjRKG3diaV4EeKz+3khJqNQgDMxkSKCnZr2R+J/X1NA581IeJRpYRCeHOlqYxHjUC25zaQoQA0MIldz8FdMekYSCaS9nSnBnI8+T2nHRLRVL1yf58sW0jizaQweogFx0isroClVQFVH0iJ7RK3qznqwX6936mIxmrOnOLvoD6/MHJHSZ4Q==</latexit>

subject to h(ut) = 0



Nonholonomic systems
Systems with velocity constraints

• Maneuvering cars / snakeboards —> Constraints: Fixed actuation directions

<latexit sha1_base64="pZRl6c7o5pBYa4NnDdxH3nbJ0nw="></latexit>

argmin
xt,ut

Z

[0,1]
L(xt, ut)dt

<latexit sha1_base64="O2yXhu3NaHIcSsRUCejV7/Ze1mw=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAixCbsi0UYI2lhGMA/IhjA7mSRjZmfXmbuSsKS28VdsLBSx9Qvs/BsnyRaaeGDgcM693DnHjwTX4Djf1sLi0vLKamYtu76xubVt7+xWdRgryio0FKGq+0QzwSWrAAfB6pFiJPAFq/n9q7Ffe2BK81DewjBizYB0Je9wSsBILfvAAzaARMf+HaOAIRx59zFp425+0IJjfIGdlp1zCs4EeJ64KcmhFOWW/eW1QxoHTAIVROuG60TQTIgCTgUbZb1Ys4jQPumyhqGSBEw3k0mUET4ySht3QmWeBDxRf28kJNB6GPhmMiDQ07PeWPzPa8TQOW8mXEYxMEmnhzqxMInxuBfc5soUIIaGEKq4+SumPaIIBdNe1pTgzkaeJ9WTglssFG9Oc6XLtI4M2keHKI9cdIZK6BqVUQVR9Iie0St6s56sF+vd+piOLljpzh76A+vzByeImeM=</latexit>

subject to g(xt) = 0
<latexit sha1_base64="hhhKvaovG8MWdm7Ui+I/MiEd8k0=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GITdgViTZC0MYygnlAsiyzk0kyZvbhzB0xLKlt/BUbC0Vs/QI7/8bJo9DEAwOHc+7lzjlBIrgCx/m2MguLS8sr2dXc2vrG5pa9vVNTsZaUVWksYtkIiGKCR6wKHARrJJKRMBCsHvQvR379nknF4+gGBgnzQtKNeIdTAkby7f0WsAdIlQ5uGQUM8bB1p0kb9wrahyN8jh3fzjtFZww8T9wpyaMpKr791WrHVIcsAiqIUk3XScBLiQROBRvmWlqxhNA+6bKmoREJmfLScZQhPjRKG3diaV4EeKz+3khJqNQgDMxkSKCnZr2R+J/X1NA581IeJRpYRCeHOlqYxHjUC25zaQoQA0MIldz8FdMekYSCaS9nSnBnI8+T2nHRLRVL1yf58sW0jizaQweogFx0isroClVQFVH0iJ7RK3qznqwX6936mIxmrOnOLvoD6/MHJHSZ4Q==</latexit>

subject to h(ut) = 0



Nonholonomic systems
Systems with velocity constraints

• Maneuvering cars / snakeboards —> Constraints: Fixed actuation directions

<latexit sha1_base64="pZRl6c7o5pBYa4NnDdxH3nbJ0nw="></latexit>

argmin
xt,ut

Z

[0,1]
L(xt, ut)dt

<latexit sha1_base64="O2yXhu3NaHIcSsRUCejV7/Ze1mw=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAixCbsi0UYI2lhGMA/IhjA7mSRjZmfXmbuSsKS28VdsLBSx9Qvs/BsnyRaaeGDgcM693DnHjwTX4Djf1sLi0vLKamYtu76xubVt7+xWdRgryio0FKGq+0QzwSWrAAfB6pFiJPAFq/n9q7Ffe2BK81DewjBizYB0Je9wSsBILfvAAzaARMf+HaOAIRx59zFp425+0IJjfIGdlp1zCs4EeJ64KcmhFOWW/eW1QxoHTAIVROuG60TQTIgCTgUbZb1Ys4jQPumyhqGSBEw3k0mUET4ySht3QmWeBDxRf28kJNB6GPhmMiDQ07PeWPzPa8TQOW8mXEYxMEmnhzqxMInxuBfc5soUIIaGEKq4+SumPaIIBdNe1pTgzkaeJ9WTglssFG9Oc6XLtI4M2keHKI9cdIZK6BqVUQVR9Iie0St6s56sF+vd+piOLljpzh76A+vzByeImeM=</latexit>

subject to g(xt) = 0
<latexit sha1_base64="hhhKvaovG8MWdm7Ui+I/MiEd8k0=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GITdgViTZC0MYygnlAsiyzk0kyZvbhzB0xLKlt/BUbC0Vs/QI7/8bJo9DEAwOHc+7lzjlBIrgCx/m2MguLS8sr2dXc2vrG5pa9vVNTsZaUVWksYtkIiGKCR6wKHARrJJKRMBCsHvQvR379nknF4+gGBgnzQtKNeIdTAkby7f0WsAdIlQ5uGQUM8bB1p0kb9wrahyN8jh3fzjtFZww8T9wpyaMpKr791WrHVIcsAiqIUk3XScBLiQROBRvmWlqxhNA+6bKmoREJmfLScZQhPjRKG3diaV4EeKz+3khJqNQgDMxkSKCnZr2R+J/X1NA581IeJRpYRCeHOlqYxHjUC25zaQoQA0MIldz8FdMekYSCaS9nSnBnI8+T2nHRLRVL1yf58sW0jizaQweogFx0isroClVQFVH0iJ7RK3qznqwX6936mIxmrOnOLvoD6/MHJHSZ4Q==</latexit>

subject to h(ut) = 0

https://www.youtube.com/watch?v=9Sj-U2tZVwU


Nonholonomic systems
Systems with velocity constraints

• Maneuvering cars / snakeboards —> Constraints: Fixed actuation directions


• Rolling ball without slipping —> Constraints: Angular velocity match 
tangential velocity

<latexit sha1_base64="pZRl6c7o5pBYa4NnDdxH3nbJ0nw="></latexit>

argmin
xt,ut

Z

[0,1]
L(xt, ut)dt

<latexit sha1_base64="O2yXhu3NaHIcSsRUCejV7/Ze1mw=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAixCbsi0UYI2lhGMA/IhjA7mSRjZmfXmbuSsKS28VdsLBSx9Qvs/BsnyRaaeGDgcM693DnHjwTX4Djf1sLi0vLKamYtu76xubVt7+xWdRgryio0FKGq+0QzwSWrAAfB6pFiJPAFq/n9q7Ffe2BK81DewjBizYB0Je9wSsBILfvAAzaARMf+HaOAIRx59zFp425+0IJjfIGdlp1zCs4EeJ64KcmhFOWW/eW1QxoHTAIVROuG60TQTIgCTgUbZb1Ys4jQPumyhqGSBEw3k0mUET4ySht3QmWeBDxRf28kJNB6GPhmMiDQ07PeWPzPa8TQOW8mXEYxMEmnhzqxMInxuBfc5soUIIaGEKq4+SumPaIIBdNe1pTgzkaeJ9WTglssFG9Oc6XLtI4M2keHKI9cdIZK6BqVUQVR9Iie0St6s56sF+vd+piOLljpzh76A+vzByeImeM=</latexit>

subject to g(xt) = 0
<latexit sha1_base64="hhhKvaovG8MWdm7Ui+I/MiEd8k0=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GITdgViTZC0MYygnlAsiyzk0kyZvbhzB0xLKlt/BUbC0Vs/QI7/8bJo9DEAwOHc+7lzjlBIrgCx/m2MguLS8sr2dXc2vrG5pa9vVNTsZaUVWksYtkIiGKCR6wKHARrJJKRMBCsHvQvR379nknF4+gGBgnzQtKNeIdTAkby7f0WsAdIlQ5uGQUM8bB1p0kb9wrahyN8jh3fzjtFZww8T9wpyaMpKr791WrHVIcsAiqIUk3XScBLiQROBRvmWlqxhNA+6bKmoREJmfLScZQhPjRKG3diaV4EeKz+3khJqNQgDMxkSKCnZr2R+J/X1NA581IeJRpYRCeHOlqYxHjUC25zaQoQA0MIldz8FdMekYSCaS9nSnBnI8+T2nHRLRVL1yf58sW0jizaQweogFx0isroClVQFVH0iJ7RK3qznqwX6936mIxmrOnOLvoD6/MHJHSZ4Q==</latexit>

subject to h(ut) = 0



Recap of a constrainted physical world
Nonholonomic and holonomic constraints

<latexit sha1_base64="pZRl6c7o5pBYa4NnDdxH3nbJ0nw="></latexit>

argmin
xt,ut

Z

[0,1]
L(xt, ut)dt

<latexit sha1_base64="O2yXhu3NaHIcSsRUCejV7/Ze1mw=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAixCbsi0UYI2lhGMA/IhjA7mSRjZmfXmbuSsKS28VdsLBSx9Qvs/BsnyRaaeGDgcM693DnHjwTX4Djf1sLi0vLKamYtu76xubVt7+xWdRgryio0FKGq+0QzwSWrAAfB6pFiJPAFq/n9q7Ffe2BK81DewjBizYB0Je9wSsBILfvAAzaARMf+HaOAIRx59zFp425+0IJjfIGdlp1zCs4EeJ64KcmhFOWW/eW1QxoHTAIVROuG60TQTIgCTgUbZb1Ys4jQPumyhqGSBEw3k0mUET4ySht3QmWeBDxRf28kJNB6GPhmMiDQ07PeWPzPa8TQOW8mXEYxMEmnhzqxMInxuBfc5soUIIaGEKq4+SumPaIIBdNe1pTgzkaeJ9WTglssFG9Oc6XLtI4M2keHKI9cdIZK6BqVUQVR9Iie0St6s56sF+vd+piOLljpzh76A+vzByeImeM=</latexit>

subject to g(xt) = 0

Holonomic / IntegrableNon-holonomic / Non-integrable

<latexit sha1_base64="hhhKvaovG8MWdm7Ui+I/MiEd8k0=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GITdgViTZC0MYygnlAsiyzk0kyZvbhzB0xLKlt/BUbC0Vs/QI7/8bJo9DEAwOHc+7lzjlBIrgCx/m2MguLS8sr2dXc2vrG5pa9vVNTsZaUVWksYtkIiGKCR6wKHARrJJKRMBCsHvQvR379nknF4+gGBgnzQtKNeIdTAkby7f0WsAdIlQ5uGQUM8bB1p0kb9wrahyN8jh3fzjtFZww8T9wpyaMpKr791WrHVIcsAiqIUk3XScBLiQROBRvmWlqxhNA+6bKmoREJmfLScZQhPjRKG3diaV4EeKz+3khJqNQgDMxkSKCnZr2R+J/X1NA581IeJRpYRCeHOlqYxHjUC25zaQoQA0MIldz8FdMekYSCaS9nSnBnI8+T2nHRLRVL1yf58sW0jizaQweogFx0isroClVQFVH0iJ7RK3qznqwX6936mIxmrOnOLvoD6/MHJHSZ4Q==</latexit>

subject to h(ut) = 0



Matching physical world The optimal control point of view

Using virtual forces 
(Lagrange d’Alembert)

Constrained optimal motion  
(Vakonomic)

Ball rolling without slipping simulated



Simulations
Physics with velocity constraints

• Discretized velocity field can represent only a subset of continuous velocities

<latexit sha1_base64="pZRl6c7o5pBYa4NnDdxH3nbJ0nw="></latexit>

argmin
xt,ut

Z

[0,1]
L(xt, ut)dt

<latexit sha1_base64="O2yXhu3NaHIcSsRUCejV7/Ze1mw=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAixCbsi0UYI2lhGMA/IhjA7mSRjZmfXmbuSsKS28VdsLBSx9Qvs/BsnyRaaeGDgcM693DnHjwTX4Djf1sLi0vLKamYtu76xubVt7+xWdRgryio0FKGq+0QzwSWrAAfB6pFiJPAFq/n9q7Ffe2BK81DewjBizYB0Je9wSsBILfvAAzaARMf+HaOAIRx59zFp425+0IJjfIGdlp1zCs4EeJ64KcmhFOWW/eW1QxoHTAIVROuG60TQTIgCTgUbZb1Ys4jQPumyhqGSBEw3k0mUET4ySht3QmWeBDxRf28kJNB6GPhmMiDQ07PeWPzPa8TQOW8mXEYxMEmnhzqxMInxuBfc5soUIIaGEKq4+SumPaIIBdNe1pTgzkaeJ9WTglssFG9Oc6XLtI4M2keHKI9cdIZK6BqVUQVR9Iie0St6s56sF+vd+piOLljpzh76A+vzByeImeM=</latexit>

subject to g(xt) = 0
<latexit sha1_base64="hhhKvaovG8MWdm7Ui+I/MiEd8k0=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GITdgViTZC0MYygnlAsiyzk0kyZvbhzB0xLKlt/BUbC0Vs/QI7/8bJo9DEAwOHc+7lzjlBIrgCx/m2MguLS8sr2dXc2vrG5pa9vVNTsZaUVWksYtkIiGKCR6wKHARrJJKRMBCsHvQvR379nknF4+gGBgnzQtKNeIdTAkby7f0WsAdIlQ5uGQUM8bB1p0kb9wrahyN8jh3fzjtFZww8T9wpyaMpKr791WrHVIcsAiqIUk3XScBLiQROBRvmWlqxhNA+6bKmoREJmfLScZQhPjRKG3diaV4EeKz+3khJqNQgDMxkSKCnZr2R+J/X1NA581IeJRpYRCeHOlqYxHjUC25zaQoQA0MIldz8FdMekYSCaS9nSnBnI8+T2nHRLRVL1yf58sW0jizaQweogFx0isroClVQFVH0iJ7RK3qznqwX6936mIxmrOnOLvoD6/MHJHSZ4Q==</latexit>

subject to h(ut) = 0

<latexit sha1_base64="vL504n5pOb3nqoe+mlE+d0DC0nY="></latexit>

Bdiv

I
<latexit sha1_base64="B5znGBLmXtwwPnBg2UWSIHZvnI4="></latexit>



Simulations
Physics with velocity constraints

• Discretized velocity field can represent only a subset of continuous velocities

<latexit sha1_base64="pZRl6c7o5pBYa4NnDdxH3nbJ0nw="></latexit>

argmin
xt,ut

Z

[0,1]
L(xt, ut)dt

<latexit sha1_base64="O2yXhu3NaHIcSsRUCejV7/Ze1mw=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAixCbsi0UYI2lhGMA/IhjA7mSRjZmfXmbuSsKS28VdsLBSx9Qvs/BsnyRaaeGDgcM693DnHjwTX4Djf1sLi0vLKamYtu76xubVt7+xWdRgryio0FKGq+0QzwSWrAAfB6pFiJPAFq/n9q7Ffe2BK81DewjBizYB0Je9wSsBILfvAAzaARMf+HaOAIRx59zFp425+0IJjfIGdlp1zCs4EeJ64KcmhFOWW/eW1QxoHTAIVROuG60TQTIgCTgUbZb1Ys4jQPumyhqGSBEw3k0mUET4ySht3QmWeBDxRf28kJNB6GPhmMiDQ07PeWPzPa8TQOW8mXEYxMEmnhzqxMInxuBfc5soUIIaGEKq4+SumPaIIBdNe1pTgzkaeJ9WTglssFG9Oc6XLtI4M2keHKI9cdIZK6BqVUQVR9Iie0St6s56sF+vd+piOLljpzh76A+vzByeImeM=</latexit>

subject to g(xt) = 0
<latexit sha1_base64="hhhKvaovG8MWdm7Ui+I/MiEd8k0=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GITdgViTZC0MYygnlAsiyzk0kyZvbhzB0xLKlt/BUbC0Vs/QI7/8bJo9DEAwOHc+7lzjlBIrgCx/m2MguLS8sr2dXc2vrG5pa9vVNTsZaUVWksYtkIiGKCR6wKHARrJJKRMBCsHvQvR379nknF4+gGBgnzQtKNeIdTAkby7f0WsAdIlQ5uGQUM8bB1p0kb9wrahyN8jh3fzjtFZww8T9wpyaMpKr791WrHVIcsAiqIUk3XScBLiQROBRvmWlqxhNA+6bKmoREJmfLScZQhPjRKG3diaV4EeKz+3khJqNQgDMxkSKCnZr2R+J/X1NA581IeJRpYRCeHOlqYxHjUC25zaQoQA0MIldz8FdMekYSCaS9nSnBnI8+T2nHRLRVL1yf58sW0jizaQweogFx0isroClVQFVH0iJ7RK3qznqwX6936mIxmrOnOLvoD6/MHJHSZ4Q==</latexit>

subject to h(ut) = 0

<latexit sha1_base64="vL504n5pOb3nqoe+mlE+d0DC0nY="></latexit>

Bdiv

I
<latexit sha1_base64="B5znGBLmXtwwPnBg2UWSIHZvnI4="></latexit>
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Simulations
Physics with velocity constraints

• Discretized velocity field can represent only a subset of continuous velocities

<latexit sha1_base64="pZRl6c7o5pBYa4NnDdxH3nbJ0nw="></latexit>

argmin
xt,ut

Z

[0,1]
L(xt, ut)dt

<latexit sha1_base64="O2yXhu3NaHIcSsRUCejV7/Ze1mw=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAixCbsi0UYI2lhGMA/IhjA7mSRjZmfXmbuSsKS28VdsLBSx9Qvs/BsnyRaaeGDgcM693DnHjwTX4Djf1sLi0vLKamYtu76xubVt7+xWdRgryio0FKGq+0QzwSWrAAfB6pFiJPAFq/n9q7Ffe2BK81DewjBizYB0Je9wSsBILfvAAzaARMf+HaOAIRx59zFp425+0IJjfIGdlp1zCs4EeJ64KcmhFOWW/eW1QxoHTAIVROuG60TQTIgCTgUbZb1Ys4jQPumyhqGSBEw3k0mUET4ySht3QmWeBDxRf28kJNB6GPhmMiDQ07PeWPzPa8TQOW8mXEYxMEmnhzqxMInxuBfc5soUIIaGEKq4+SumPaIIBdNe1pTgzkaeJ9WTglssFG9Oc6XLtI4M2keHKI9cdIZK6BqVUQVR9Iie0St6s56sF+vd+piOLljpzh76A+vzByeImeM=</latexit>

subject to g(xt) = 0
<latexit sha1_base64="hhhKvaovG8MWdm7Ui+I/MiEd8k0=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GITdgViTZC0MYygnlAsiyzk0kyZvbhzB0xLKlt/BUbC0Vs/QI7/8bJo9DEAwOHc+7lzjlBIrgCx/m2MguLS8sr2dXc2vrG5pa9vVNTsZaUVWksYtkIiGKCR6wKHARrJJKRMBCsHvQvR379nknF4+gGBgnzQtKNeIdTAkby7f0WsAdIlQ5uGQUM8bB1p0kb9wrahyN8jh3fzjtFZww8T9wpyaMpKr791WrHVIcsAiqIUk3XScBLiQROBRvmWlqxhNA+6bKmoREJmfLScZQhPjRKG3diaV4EeKz+3khJqNQgDMxkSKCnZr2R+J/X1NA581IeJRpYRCeHOlqYxHjUC25zaQoQA0MIldz8FdMekYSCaS9nSnBnI8+T2nHRLRVL1yf58sW0jizaQweogFx0isroClVQFVH0iJ7RK3qznqwX6936mIxmrOnOLvoD6/MHJHSZ4Q==</latexit>

subject to h(ut) = 0

<latexit sha1_base64="vL504n5pOb3nqoe+mlE+d0DC0nY="></latexit>

Bdiv

I
<latexit sha1_base64="B5znGBLmXtwwPnBg2UWSIHZvnI4="></latexit>

Configuration space  
(volume preserving  

diffeomorphism)

Sub-Riemannian Geodesic  
(Optimal path satisfying  

the constraint)



Not a Lie subalgebra

I
<latexit sha1_base64="B5znGBLmXtwwPnBg2UWSIHZvnI4="></latexit>

<latexit sha1_base64="fGVbpcD4qJLA5wMEnWI8gqfI8tw="></latexit>

I(Bdiv)
<latexit sha1_base64="vL504n5pOb3nqoe+mlE+d0DC0nY="></latexit>

Bdiv

Grid velocity



<latexit sha1_base64="4Cw4hH37G6wXj1RnTqfp4Yt+4FA="></latexit>

B⇤div

Grid circulations

Not a Poisson space

Not a Lie subalgebra

I
<latexit sha1_base64="B5znGBLmXtwwPnBg2UWSIHZvnI4="></latexit>

<latexit sha1_base64="fGVbpcD4qJLA5wMEnWI8gqfI8tw="></latexit>

I(Bdiv)
<latexit sha1_base64="vL504n5pOb3nqoe+mlE+d0DC0nY="></latexit>

Bdiv

Grid velocity

No coadjoint orbits 

Kelvin’s circulation 
theorem not 

respected

Vortical structures 
break



<latexit sha1_base64="4Cw4hH37G6wXj1RnTqfp4Yt+4FA="></latexit>

B⇤div

Grid circulations
I¸

<latexit sha1_base64="VXucse/Bh6qVG8xta0dAGXVKcHs="></latexit>

I
<latexit sha1_base64="B5znGBLmXtwwPnBg2UWSIHZvnI4="></latexit>

<latexit sha1_base64="fGVbpcD4qJLA5wMEnWI8gqfI8tw="></latexit>

I(Bdiv)

✴  Kinetic energy
metric ★  

Induced
metric

Hamiltonian levelset

✓Poisson space

<latexit sha1_base64="vL504n5pOb3nqoe+mlE+d0DC0nY="></latexit>

Bdiv

Grid velocity

I¸
<latexit sha1_base64="VXucse/Bh6qVG8xta0dAGXVKcHs="></latexit>

✓Poisson space



<latexit sha1_base64="p+nM3/RGhlfipvIWfEp/JHs/iOs="></latexit>®
@ u
@ t + u ·ru= �rp
r · u= 0

<latexit sha1_base64="4Cw4hH37G6wXj1RnTqfp4Yt+4FA="></latexit>

B⇤div

Grid circulations
I¸

<latexit sha1_base64="VXucse/Bh6qVG8xta0dAGXVKcHs="></latexit>

I
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✴  Kinetic energy
metric ★  

Induced
metric

Hamiltonian levelset
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✓Hamiltonian
+
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Definition ( -discrete Euler): The flow is given by the Hamiltonian system ( , ), 

and its equation of motion is given by:
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v= IPBdiv
?�1 I¸u[, where

<latexit sha1_base64="Fm72hCHJZgGJ1E2vWRfkofaVIsY="></latexit>v= u
Euler’s eq.

<latexit sha1_base64="vL504n5pOb3nqoe+mlE+d0DC0nY="></latexit>

Bdiv

Grid velocity Projection to 
subspace  
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Ours vs the continuous formulation
Our I-discrete Euler formulationOriginal Euler formulation

Theorem: The -discrete Euler flow preserves 
the energy and coadjoint orbits in .

I
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Energy level sets

Coadjoint orbits



Ours vs Previous methods

Question: How to formulate a structure-preserving numerical scheme 
for the -discrete Euler’s equation?
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I

✓ Constrained Variational (Vakonomic)
✓ Constrained geodesics (Sub-Riemannian)

✓ Coadjoint preserving
x Not variational (Lagrange-d’Alembert)
x Not geodesics

x Not coadjoint preserving

Our I-discrete Euler formulation Previous FEM-based formulations

Energy level sets

Coadjoint orbits

Discretization
constraint subspace

!

Original Euler formulation

Non-holonomic 
systems of Variational 

Axiomatic Kind



Auxiliary Symplectic space
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Momentum 
map J
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Numerically 
tractable space

Canonically defined
Equivalent dynamics 
between   and 
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Auxiliary Symplectic space
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Momentum 
map J
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Clebsch variables

Point vortices

Position + Momentum 
Variables
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Symplectic advection �⇤
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Auxiliary Symplectic space
<latexit sha1_base64="vfzRRHzxAsfxHuZ5jAUN9I39NVc="></latexit>

⌃

Momentum 
map J
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Represented as 
a particle system
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Position + Momentum 
Variables

Symplectic advection �⇤
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Auxiliary Symplectic space
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⌃

Momentum 
map J
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Symplectic advection �⇤
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Particle system
Momentum 

map
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Advection
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Grid circulation

Grid velocity

★ Induced metric

Coadjoint 
orbits

✴  

We call our method: Coadjoint Orbit Fluid Implicit Particle (CO-FLIP).

Particles

Grid
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‣We use one single high-order divergence-free 
 interpolation ; the rest are derived from it.I
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‣ Advection is Lie group integrator.

‣ This results in a Hamiltonian ODE that we 
geometrically integrate.

Particle system
Momentum 

map

I¸
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Advection
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Grid circulation

Grid velocity

★ Induced metric

Coadjoint 
orbits

✴  

‣ The CO-FLIP algorithm preserves coadjoint orbits and energy.

‣ Pressure projection respects the induced metric.

‣ Particle-to-grid transfer is canonically derived.
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Results



Resolution: 128x256x128 Covector Fluids 
[Nabizadeh et al 2022]

Pyroclastic cloud 
simulated with a  
previous method  

at res 128x256x128.



CO-FLIP (Ours)

This simulation runs 
at a low resolution of 

96x192x96.



CO-FLIP (Ours)

Even at a lower resolution of 
64x128x64, we observe 

turbulent pyroclastic structures.



R+PolyFLIP

CF+PolyFLIP

CO-FLIP (Ours)

PolyPIC

PolyFLIP

Vorticity (1/s)0 10

The vortex core structure remains virtually unchanged compared to the 
first frame even after 500 seconds of simulation.

sped up playback x12.5



CO-FLIP (Ours)



Conclusion
And Next Steps…

• Structures (e.g. symmetries) are essential


• Discretization benefits from a variational  
non-holonomic constrained (vakonomic/sub-Riemannian) formulation


• Similar to geometry processing, physical simulations benefit from 
 structure-preservation
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Momentum 
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Grid circulation

Grid velocity

★ Induced metric

Coadjoint 
orbits

✴  

J
<latexit sha1_base64="mGNHk7XLgtlmr8GZQZcgO2mTGOA="></latexit>

�⇤
<latexit sha1_base64="dDnvUwQhuWgLuFDFigRWB8jfaGM="></latexit>

Thank you! Questions?

Sina is going to be on the faculty 
job market this coming cycle!

Hesper is going to be on the postdoc 
job market this coming cycle!


