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HodgeNet: Learning Spectral Geometry on Triangle Meshes

DMITRIY SMIRNOV and JUSTIN SOLOMON, Massachusetts Institute of Technology, USA
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{a) UV mapping (b) Re-pasing, (c) ARAP editing {d) Registration and morphing

Fig. 1. We present a versatile, detail-preserving and triangulation-agnostic neural framework for learning piecewise-linear mappings of meshes
exact same core framework, we show, from left to right: (a) learning to UV-map arbitrary surfaces; (b) re-posing a novel character (the bunny), uns
training and with a completely different mesh topology, using a model trained only on humans; (c) learning to replicate As-Rigid-As-Possible [S

MIT animation dataset. Each mesh in the dataset contains 20,000 faces (10,000 vertices). We show an
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Fast Quasi-Harmonic Weights for Geometric Data Interpolation

YU WANG and JUSTIN SOLOMON, Massachusetts Institute of Technology, USA

Ours (0.9 min)

Fig. 1. Color interpolation using our skinning weights and bounded biharmonic weights [Jacobson et al. 2011]. Note the latter weights (and thus the blended
color) have a local extrema at the tail of the Asian dragon. Our weights are free from local extrema and have a slightly lower smoothness energy. More
importantly, our weights are many orders of magnitude faster to compute. Previous methods can take hours on this model, which has more than one million

tetrahedra. Our method takes less than a minute, with potential for further speedups.

We propose quasi-harmonic weights for interpolating geometric data, which
are orders of magnitude faster to compute than state-of-the-art. Currently,
interpolation (or, skinning) weights are obtained by solving large-scale
constrained optimization problems with explicit constraints to suppress
oscillative patterns, yielding smooth weights only after a substantial amount
of computation time. As an alternative, our weights are obtained as minima
of an unconstrained problem that can be optimized quickly using straight-
forward numerical techniques. We consider weights that can be obtained as
solutions to a parameterized family of second-order elliptic partial differen-
tial equations. By leveraging the maximum principle and careful parameter-
ization, we pose weight computation as an inverse problem of recovering

1 100 LY T h IS LR LN | a

however, motivates automatic computation of skinning weights as a
critical way to make the animation pipeline more efficient. Beyond
their original application in animation, however, automatic skinning
weight computation has found application in graphics pipelines
beyond animation as a generic tool to interpolate geometric and
physical quantities smoothly across geometric domains.

The problem of computing skinning weights amounts to design-
ing a partition of unity, or set of functions that sums to 1 at every
point on the domain, that satisfies a few properties. There is one

skinning function per control handle of a deforming shape, which
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¢ | he machine learning curious geometers.

® | he geometry curious machine learning practitioners.

® |nterest In theory and practice of differentiable programming.
® Familiar with n-dimensional array Python libraries.

® Somewhat familiar with “forward” geometry processing.
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e Chapter 1: Introduction to Automatic Differentiation

e Chapter 2: Ditferentiable Geometry Processing in Python

e Chapter 3: Introduction to The Adjoint Methoo

e Chapter 4: Inverse Geometry Processing in Python
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iskra '+ Modern Geometry Processing

Lightweight geometry processing library that is a one-stop shop for all your geometric needs. Iskra is:

e modern and Python-first,

e simple by default, powerful when needed,

o fully differentiable and compatible with machine learning,
e CPU and GPU enabled,

e actievely maintained.

Support the project by starring it!

This is a pre-release. We are actively working on a user guide, documentation, and setting up on PyPI.

github.com/anadodik/iskra
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Introduction to

Automatic Differentiation



Gradient-based Optimization

We focus on problems where we minimize a loss/energy

where 0 are the optimization variables and L is the loss/energy function

Parametrization

mein £(0),

Developable Surfaces

Frame Field
Optimization




Gradient descent

Gradient descent moves the parameters 6 in the negative-gradient direction

Ox+1 = Ok —nVL(6g)

github.com/lilipads/gradient descent viz



https://github.com/lilipads/gradient_descent_viz

Gradients and Jacobians

Scalar function: - O
a6,
L:R" - R VL € R" VL) =| -
oL
106,,
Vector function: Of, of,]
IF or |VA| |06: a6,
F:R" > R™ Jr = — € R™*n ]p=%= =] : :
9 Viml |9m . 9fm
1060, a0,




Sparse Jacobians

f1 = 2(93 - 812) | X X
fa =303 — 67) + 2(63 — 67) o
F(O) =|f; = 363 — 62) + 2(65 — 63) F= L.
: X X X
fm = 3(915; - 81%—1) X X

Each row of the Jacobian contains

Each component of F depends on
only at most three nonzero elements

just at most three components of 6

fi /> f3 fa fs




Jacobian-vector Product (JVP)

JVP is the product of a Jacobian matrix J] € R™*" and a vector v € R"

v, 9]
0fi . OA7[V1] | “loe,
m 96 96,
JveR oo [0
106, 96,110 | 9fm
Y150, |

JVP tells us how the output F changes when the input 8 changes by amount/move in direction v



Jacobian-vector Product (JVP)

JVP is the product of a Jacobian matrix J € R™*"

Jv e R™

2

20,

0 fm

| 36,

and a vector v € R"

OhT

0 fm

aen_

L Vn] Y1 %0, TV V230, T Unje. |

(Directional derivative of F along v)

JVP tells us how the output F changes when the input 8 changes by amount/move in direction v

JVP propagates perturbations forward.



Vector-Jacobian Product (V]JP)

VJP is the product of a vector v € R™*! and the Jacobian matrix /] € R™*"

UT] = ]Rlxn ~

row-vector

]TUE R™ o

colummn-vector



What does V]JP mean?

Consider scalar function (¢) defined through
a vector-valued intermediate function:

¢ = K(F(6))

F:R" > R™, 9 € R*, F(6) € R™, K:R™ > R

) ————p F(0) ey K(F(0)) e e)
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What does V]JP mean?

Consider scalar function (¢) defined through
a vector-valued intermediate function:

¢ = K(F(0))
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V]P propagates sensitivities backward



Automatic differentiation: reverse vs. forward mode

Reverse Mode (V]JP) Forward Mode (JVP)

x f

Seeded output, 7;

o
X~ Seeded input, 0;

Cost « #outputs Cost « #inputs



Automatic differentiation: reverse vs. forward mode

Reverse Mode (V]JP)

x f

Seeded output, 7;

Cost o #outputs

Forward Mode (JVP)

*_ Seeded input, 9,

Cost « #inputs

C Common case: many params, one loss — reverse wins )




PyTorch Scalar Example

f(0) = (6,6, sin 05 + €9192) /0,

import torch

theta 1 = torch.tensor(2.0, requires_grad=True)
theta 2 = torch.tensor(3.0, requires_grad=True)
theta 3 = torch.tensor(4.0, requires_grad=True)

f = (theta_ 1 * theta 2 * torch.sin(theta 3) + torch.exp(theta 1 * theta 2))/ theta 3
grads = torch.autograd.grad(f, [theta 1, theta 2, theta 3])

print(grads[0])

print(grads[1])

print(grads[2])



PyTorch Scalar Example with .backward()

f(0) = (6,6, sin 05 + €9192) /0,

import torch

theta_1
)

i

theta_2
0

l

theta_3
O

;

theta 1 = torch.tensor(2.0, requires_grad=True) (

AccumulateGrad

AccumulateGrad

|~

=

AccumulateGrad

)

AR

theta 2 = torch.tensor(3.0, requires_grad=True)
theta 3 = torch.tensor(4.0, requires_grad=True)

f = (theta 1 * theta 2 * torch.sin(theta 3) +
torch.exp(theta 1 * theta 2))/ theta_ 3

vV Sy

MulBackwarde

Y

MulBackwarde

SinBackwarde

\

ExpBackwarde

£.backward() this is why we do

optimizer.zero_grad()
print(theta_1.grad) . o
in the optimization loop

print(theta_2.grad)

print(theta_3.grad)

N

MulBackwarde

T~ v

AddBackwarde

Y

DivBackwarde

l

O




PyTorch Vector Function and Jacobian

x%+y x]

F:R? - R? F(6) = Lin () =1y

import torch

def F(theta):
X, y = theta

return torch.stack([x**2 + vy,
torch.sin(x * y)])

theta = torch.tensor([2.0, 3.0],
requires_grad=True)

J = torch.autograd.functional.jacobian(F, theta) 1H-----
print(3J) dense | materialized



JVP and V]P in PyTorch

Jacobian-vector product

from torch.func import jvp
theta = torch.tensor([2.0, 3.0])
v = torch.tensor([1.0, 0.5])

value, jvp_value = jvp(F, (theta,), (v,))

Vector-Jacobian product

theta = torch.tensor([2.0, 3.0], requires_grad=True)
w = torch.tensor([1.0, 2.0])

value = F(theta)

vjp_value, = torch.autograd.grad(value, theta, w)
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e Chapter 1: Introduction to Automatic

e Chapter 2: Differentiable Geometry
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Differentiable
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In Python

Chapter 2
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torch

1skra.mesh




torch
1skra.mesh Mesh

mesh,

= Mesh.from_path(
"oded://objects/koala/koala_low_resolution.obj",
device="cpu"




.%. meshes Public ® Watch 6 ~ Y7 Star 255

¥ master ~ ¥ 1Branch © 0 Tags Q Go to file Add file ~ <> Code ~ About

A repository with a variety of meshes
-¥. odedstein typo 8352132 - 2 yearsago ) 46 Commits with minimal licensing requirements.

BB objects typo 2 years ago Readme

Activity

utilities adding cheese 3 years ago
L g y g 255 stars

[ .gitignore Initialized meshes repository 7 years ago 6 watching
9 forks

[ README.md adding well 2 years ago
Report repository

[ _config.yml primer 3 years ago

-t h Releases
O r C [J README Va

No releases published

Deployments 17

odedstein-meshes: A Computer Graphics Example Mesh

iskr&.mesh Mec Repository

This repository contains a variety of meshes and associated data that are useful for examples in computer
graphics. Packages

) github-pages 2 years ago

o GitHub repository ZIP No packages published

/ — M e S h f r O m p a l h ( My goal with this repository is to provide meshes with only minimal licensing requirements (such as attribution or Contributors 2
|

mesh,

"oded://objects/koala/koala_low_resolution.obj",
device="cpu"




torch
1skra.mesh Mesh

mesh,

= Mesh.from_path(
"oded://objects/koala/koala_low_resolution.obj",
device="cpu"




torch

1skra.mesh Mesh

= Mesh.from_path(
"oded://objects/koala/koala_low_resolution.obj",
device="cpu"

mesh,

)

verts mesh.vertices
faces mesh. faces




torch

1skra.mesh Mesh

mesh, = Mesh. (

"oded://objects/koala/koala_low _resolution.obj",

device="cpu"
)
verts mesh.vertices
faces mesh. faces
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torch

1skra.mesh 4

!

mesh, = Mesh. |

R How do we compute
| deneeou vertex normals?

verts = mesh.vertices |
faces = mesh. faces
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Scatter-Gather

cf. Yu [2022], Dodik [2026]
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Scatter-Gather

cf. Yu [2022], Dodik [2026]
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compute
face
normals

Scatter-Gather

cf. Yu [2022],

Dodik [2026]
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compute
face
normals

Scatter-Gather

cf. Yu [2022],

Dodik [2026]
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Scatter-Gather

of. Yu [2022], Dodik [2026]
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Scatter-Gather

of. Yu [2022], Dodik [2026]
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scatter
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Scatter-Gather

of. Yu [2022], Dodik [2026]
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scatter-reduce
2t00

Scatter-Gather

of. Yu [2022], Dodik [2026]
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scatter-reduce
2t00

Scatter-Gather

of. Yu [2022], Dodik [2026]




torch.nn.functional

1skra.geometry
1skra.topology

verts = mesh.vertices
faces mesh. faces

31

normalize

triangle_normals

face 1index,

reduce _on_subface




torch.nn.functional normalize

1skra.geometry triangle_normals
1skra.topology face_1index, reduce_on_subface

verts = mesh.vertices
faces mesh. faces

tris = face_index(verts, faces)

31



torch.nn.functional normalize

1skra.geometry triangle_normals
1skra.topology face_index, reduce_on_subfadg

verts = mesh.vertices
faces mesh. faces

tris = face_index(verts, faces)

tri_normals = triangle_normals(tris)

31



torch.nn.functional normalize

1skra.geometry triangle_normals
1skra.topology face_index, reduce_on_subfadg

verts = mesh.vertices
faces mesh. faces

tris = face_index(verts, faces)
tri_normals = triangle_normals(tris)

vert_normals = reduce on subface(
tri_normals, faces, verts.shapel0],

)

vert normals = normalize(vert normals, dim=-1)

dd ”n

Ssum

31



torch.nn.functional normalize

’
1skra.geometry triangle_normals
1skra.topology face_index, reduce_on_subface |
. \ 1 ‘
verts = mesh.vertices 3
faces = mesh.faces |
3
?
tris = face_index(verts, faces) | R e
tri_normals = triangle_normals(tris) , ., T
+ e
+ <xi A
vert_normals = reduce on subface( \ B / * SRy S
tri_normals, faces, verts.shapel[0Q], “sum” N -~ , F g + N
\ o / ’ / ~+~
) . + L " :
vert normals = normalize(vert normals, dim=-1) g i 4
4~ -

31
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— - e =
e
torch.nn. functional normalize / %/,,/” N
1skra.geometry triangle_normals B
iskra.topology face _index, reduce on_subface B ™
. E
verts = mesh.vertices

faces mesh. faces

tris = face_index(verts, faces)
tri_normals = triangle_normals(tris)

vert_normals = reduce on subface(
tri_normals, faces, verts.shapel0],

)

vert _normals = normalize(vert normals, dim=-1)

dd ”n

Sum
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E(Q) = ZAt
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Vo, 6(Q) = 2H;n; = (Lv);

mean curvature flow




- 8(Q) = ZAt
i tel

Vo, 6(Q) = 2H;n; = (Lv);

1skra.geometry.volume triangle_areas

34
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1skra.geometry.volume triangle_areas

34



1skra.geometry.volume triangle_areas

verts_opt = verts. (). (True)




1skra.geometry.volume triangle_areas

verts_opt = verts. (). (True)
triangles (verts_opt, faces)




1skra.geometry.volume triangle_areas

verts_opt = verts. (). (True)
triangles (verts_opt, faces)
total area (triangles). ()




1skra.geometry.volume triangle_areas

verts_opt = verts. (). (True)
triangles (verts_opt, faces)

total _area = (triangles). ()
total area.




1skra.geometry.volume triangle_areas

verts_opt = verts. (). (True)
triangles (verts_opt, faces)

total _area = (triangles). ()
total area. ()

mct_normals_var = verts_opt.grad




E(Q) = ZAt
| tel

Vo,E(Q) = 2H;n; = (Lv);
|

1skra.dec Llaplacian

35



- 8(Q) = > A
i teT

— |
VUZCO)(Q) — ZHi}’li :(LU)i‘

1skra.dec Llaplacian

35



8Q) =Y A

| teT

]
VUZCO)(Q) = 2H;n; :(LU)i‘

1skra.dec Llaplacian

lap, mass = (verts, faces)

35



- 8(Q) = > A
i teT

Vvlg(Q) = 2H;n; =

1skra.dec Llaplacian

lap, mass = (verts, faces)

mct_normals_lap = lap @ verts

35



E(Q) :ZAt

tel

VUZS(Q) = 2Hin; = (Lv)i

1skra.dec Llaplacian

1skra.sparse_linalg Llinear_solve

36



( S(Q) — ZAt
teT
VviS(Q) =2Hn; = (Lv)i
| 00 ;
] — =-V,.&(Q
i L= -V, E(0)
- (M +7tL)vV' = Mv

1skra.dec Llaplacian
1skra.sparse_linalg Llinear_solve

36



( S(Q) — ZAt
teT
VviS(Q) =2Hn; = (Lv)i
| 00 ;
] — =-V,.&(Q
i L= -V, E(0)
- (M +7tL)vV' = Mv

1skra.dec Llaplacian
1skra.sparse_linalg Llinear_solve

36



1skra.dec Llaplacian
1skra.sparse_linalg Llinear_solve

lap, mass = (verts, faces)

36



1skra.dec Llaplacian
1skra.sparse_linalg Llinear_solve

lap, mass (verts, faces)
~, smooth (mass + t x lap, mass @ verts)

36



1skra.dec Llaplacian
1skra.sparse_linalg Llinear_solve

lap, mass (verts, faces)
~, smooth (mass + t x lap, mass @ verts)

36



1skra.dec Llaplacian
1skra.sparse_linalg Llinear_solve

lap, mass (verts, faces)
~, smooth (mass + t x lap, mass @ verts)

- How do we differentiate
36 through a linear solver???
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Introduction to
The Adjoint Method

Chapter 3



argmin ¢ (9(¢(0))

Optimization Problem



argmin ¢(¢(¢(6)

(0SS

Optimization Problem



parameters

argmin £(g(p(6)

(0SS

Optimization Problem



Argmin f(g(fp(é))

l map to mesn

(0SS

Optimization Problem



geometry processing
optimization proplem

[ parameters

arg;nin £ (g(fp(é))

l map to mesn

(0SS

Optimization Problem



geometry processing
optimization proplem

[ parameters

arg;nin £ (g(fp(é))

l map to mesn

(0SS

Optimization Problem



geometry processing
optimization problem

arg;nin 4 (g(fp(é))

map to mesn

0SS
Optimization Problem



geometry processing
optimization problem

[ parameters

argmin £(g(p(6))
f v !

map to mesn

w
/
'

0SS
Optimization Problem



argmin £(g(¢(0))
o Ty

Optimization Problem



argmin £(g(¢(0))
6 —

|
|
; y
* ~

Optimization Problem



%

want:

|

Y
00X

|
|

Have: y—g)

w
|
|
|

KNOW: f(x,y) =0



Implicit Differentiation



f(x,y) =0



f(x,y(x)) =0



f(x,y(x)) =0



f(x,y(x)) =0

d

dx



f(x,y(x)) =0






oy of |7 of
|5 5



0xX




|
|

Have: y—g
Know: 1(xy) =0
Want: 2

o0xX

 —— = —— — — =




Have: y < g(x)

Know: f(x.y) =0

49
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—0.51
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Have: y« g(x) = V1 —x?

49

y:\/l—x2

2.0
— y<+g(x)
(z, y)
1.57 oy
e

—0.51

1.0 . - - - -
~1.5 ~1.0 ~0.5 0.0 0.5 1.0 1.5
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S ——— e 1.57

Have: y < g(x) := SAFE_SQRT(1 — xz) Lok

Know: f(x.y =0 > 05

l

00
| a |
| O y | 0.9
1 0xX |
—_—— e S E —— _05 -
0.0
1075 ~1.0 0.5 0.0 05 1.0 1.5 0.9




Have: y < g(x) := SAFE_SQRT(1 — x*)

I Know: f(x,y) = x* +y2 —-1=0
l
Want

. 9%y \

- \

ox

|
|
|

|

50

151
1.01-
> 0.5
0.0-
0.9
0.5
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Have: y < g(x) := SAFE_SQRT(1 — x*)

Know: fxy(x) =x"+y"-1=0
l
Want

. oy \

- \
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|
|
|

|

50

151
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\ Have: y « g(x) := saFe_sort(1 — x*)
|

KNOW: f(xy(x)=x*+y°-1=0 >

) 1
Want: —_— — o ——— = ()
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Have: y < g(x) := SAFE_SQRT(1 — x*)

50
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0.0
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Have: y < g(x) = saFe_sorT(1—x%) .|
:
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I

l
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1 0X
R R R 0.5
0.0
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—— 1.5

Have: y < g(x) = saFe_sorT(1—x%) .|
:

; KnOW: f(X, y(x)) = xz + yz —1=0 ‘ > 0.5
I

l

| . —1 0.9
: Want: = - -y X
1 0X
R R R 0.5
0.0
~LOrs 1.0 0.5 0.0 0.5 1.0 1.5 0.9

50



Have: y < g(x) = sare_sqrr(1 — x°)

|
|

—0.51

-1.0
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Separation of g and /!
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Recall: Mean Curvature Flow
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Recall: Mean Curvature Flow



y—A"'b x:=(ADb)

Know: f(Absy)=Ay-b=0

Linear System



Have: Y — A7D x = (A, b)

f(Abiy) =Ay—-b=0

gy  [of | of
Nk

0xX

Linear System



y—A"'b x:=(ADb)
Know: f(Abiy)=Ay—-b=0

- oy __[of | " of
want: = = [ay] -

* Linear System



. Linear System



. Linear System



. Linear System



. Linear System
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y — A™'b

x = (A, b)

f(Ab;y) =Ay—b =0

|

5’f : 5’f ‘

Linear System



J a1
ob

mgin t(g(@(0)))






“min £(A”'b(0))
0 . )
y
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oy B

— A1
D
mein t(A"'h(0)) % a_y %

v - dy db 90



oy B

— A1
D
mein t(A"'h(0)) % a_y %

v - dy db 90



B_y — A1
b

min £(A”'bh(0)) %A_l @

T dy  d0




Ran Ran RnXp Rl)(n Ran RnXp

ot A—lﬁ %A—l %
-y a0 Y a0

forward mode (JVP) backward mode (VJP)




Ran Ran RnXp

ob
AL =
00

backward mode (VJP)

forward mode (JVP)



p linear solves € ———_

Ran Ran RnXp

ob
AL =
00

backward mode (VJP)

forward mode (JVP)



p linear solves € ———_

forward mode (JVP)

backward mode (VJP)
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forward mode (JVP)

p linear solves € ——— —» 1 linear solve

backward mode (VJP)

o0



p linear solves € ——— —» 1 linear solve

00 00
backward mode (VJP)

forward mode (JVP)

(“adjoint method”) ’
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Inverse Geometry Processing

in Python



PyTorch Code

The standard PyTorch optimization loop
theta.requires_grad (True)

optimizer = optim.SGD([theta], 1lr=...

for _ in range(num_steps):
optimizer.zero_grad()
y = layer(theta)
1 = loss(y, target)
1.backward()

optimizer.step()



Target code for Inverse Geometry Processing Problem

miné( g($(9)))
y

theta.requires_grad_(True)

optimizer = optim.SGD([theta], lr=...)

for _ in range(num_steps): how to design/implement an efficient

optimizer.zero_grad() geometric_Layer?
x = phi(theta)

y = geometric_layer(x)

loss = objective(y)

loss.backward()

optimizer.step()



What might go into geometric_layer?

def geometric_layer(x): def geometric_layer(x):
A, b = assemble sparse_system() A, B = assemble eigenproblem(x)
y = sparse_solve(A, b, x) eval, evec = eigensolve(A, B)
return y y = evec @ torch.diag(eval) @ evec.T
return y

Sparse linear solve
Eigen solver

def geometric_layer(x):
y = initialize(x)
for _ in range(max_iter):
y = local step(x,y)

return y

Local steps



First attempt to write geometric_layer

Let PyTorch trace the solver:

- Works in principle if every operation is implemented in PyTorch
and differentiable

- But the cost is bad
-  Memory is O(max _iter) since backward pass needs access
to the intermediate state y,,y,, ...,y

n

we only care about y, not the path

def geometric_layer unroll(x):
y = initialize(x)
for _ in range(max_iter):
y = local step(x,y)

return y

y = geometric_layer_unroll(x)



What would be a good abstraction?

Separate the forward from the
backward pass

Forward pass

T T T T N v

X Y1 Y> Y3 Yn y

S~ -

Backward pass




The derivative pipeline

miné( g((6)) )

y

Handled by PyTorch

0 ¢
0 >xg>y—>{’

Handled by Adjoint method



Implementing the Adjoint method

miné( g((6)) )

y

Define x = ¢(6) and assume y is defined implicitly by f(x;y) = 0

ot ot [of] " of
dx  dy |dy| ox
/fT

Fir lve for A
st solve fo ( ﬂ)TA _ < %>T ﬂ/\/e need to compute thI‘GE\

oy dy partial derivatives
0f df of

Then, compute ) ,
Y, of \ dy 0Oy 0x /
— —/1T—

ox dx




Extending torch.autograd

) L class CustomAutogradFunction(torch.autograd.Function):
Add a new operation to the graph, with its own

backward rule @staticmethod

def forward(x):
y = custom_forward(x)
return y

@staticmethod

def setup_context(ctx, inputs, output):
X, = inputs
ctx.save_for_backward(x, output)

//””’—————_—— @staticmet;;;--§§\\\\\\

Y, def backward(ctx, grad_output):

- 4 X, y = ctx.saved tensors

oy In our case grad x = custom _backward(x, y, grad output)
return grad_x

Reference: https://docs.pytorch.org/docs/2.12/notes/extending. html#extending-torch-autograd



https://docs.pytorch.org/docs/2.12/notes/extending.html#extending-torch-autograd
https://docs.pytorch.org/docs/2.12/notes/extending.html#extending-torch-autograd
https://docs.pytorch.org/docs/2.12/notes/extending.html#extending-torch-autograd
https://docs.pytorch.org/docs/2.12/notes/extending.html#extending-torch-autograd
https://docs.pytorch.org/docs/2.12/notes/extending.html#extending-torch-autograd

. : : a¢ or\" ar\"
#1: incoming gradient from the outer loss — (_> A= (_>
ay dy dy

aa—j is the gradient of the outer loss w.r.t. the solver

output.

We don't compute it — PyTorch hands it to us as
grad output

def backward(ctx, grad output):



T T
#2: implicit function derivative with respect to the solver output g—; (%) A= (%)

fl;y) =0

Z—f}: how the implicit function moves when we perturb y (fix x). n,, X n,,
T
Huge — but a matrix-free solve only needs z ~ (Z—f]) z

def implicit_fn(y, x):

return compute_implicit fn(y, x)

£ = implicit fn(y, x)

def A T(z):

vjp_y = torch.autograd.grad(f, y, z, retain_graph=True)
return vjp_y

lambda_ = linear_solve(A_T, grad output)



of ot _ _p%

#3: implicit function derivative with respect to the solver input -~ =i

fl;y) =0

Y. how the implicit function moves when we perturb x (fix y). n., X Ny
P p y). Ny

0x
Again, don't build it — the final gradient needs only the V]P contracted against A.

def implicit_fn(y, x):
return compute_implicit fn(y, x)

£ = implicit fn(y, x)

vjp_x = torch.autograd.grad(f, x, lambda , retain_graph=True)

grad x = -vjp_x



Example: Inverse ARAP deformation

ARAP deformation

Forward problem: ARAP deformation
takes handle positions () and produces
a deformed mesh (y) that follows them

control
handles ()

Rest mesh Deformed mesh (y)

y = g(¢();c)



Example: Inverse ARAP deformation

ARAP deformation

Inverse problem: find control handles
location on rest mesh such that if we

apply ARAP deformation on them, we
get the target shape.

control
handles (0)

Rest mesh Deformed mesh (y) Target mesh (t)
y = 9(@);c)

£G) = —ly — t|]

33



ARAP Deformation (forward problem)

Forward problem: ARAP deformation
takes handle positions () and produces
a deformed mesh (y)that follows them

min z cl-j“(yi — y]') — Ri(Xi - Xj)”2

AR
VAR} &
such that:
=6,, k€E€H, control
Vi f handles (0)
R; € SO(3)

Rest mesh Deformed mesh (y)

Olga Sorkine and Marc Alexa.
As-rigid-as-possible surface modeling. SGP 2007



ARAP Deformation: local-global steps

ARAP is usually solved via local-global iterations

, C. .
/@ Si = Ljen( Wijeij eij \ /bi = z %(Ri +R;)(x; — x;) \

€jj = Xi — Xj JEN (i)
eb=%—%
Lyk+1 = b
@ S; = UV H that linear solver
suc at:
k+1
(@R =w] Y A=, )

Local Step Global Step

fit local rotations (...) assemble global rhs(...)
solve global system(...)

Olga Sorkine and Marc Alexa.
As-rigid-as-possible surface modeling. SGP 2007



ARAP Deformation: local-global steps (fixed point)

k+1 _ k def arap_step(y, rest verts, handle_idx, theta, ...):
y —h(x,y )
rotations = fit local rotations(y, rest verts, ...)

rhs = assemble global rhs(rotations, rest_verts, ...)
At convergence:

return y_next

y*=h(x,y*)

Thus, the solver output is defined by the implicit function

fl;y) =h(x,y)—y=0

y_next = solve _global system(rhs, handle_idx, theta, ...



Implicit layer forward step

initialize the deformed mesh from def forward(rest verts, handle idx, theta, ...):
the rest mesh and insert the y = rest_verts.clone()
current handle positions ?: y[handle idx] = theta

for _ in range(fwd max_iter):

each iteration performs one —» y_next = arap_step(
local-global ARAP step

y

rést verts,
handTe_idx,
theta,

error = torch.linalg.norm((y_next - y).flatten())

For the backward pass, we only need / R —
the fixed-point condition at the ,
if error <= tol:

solution: y* = g(x,y™) break

return y



Implicit layer backward step

—
def backward(ctx, grad deformed):

24 theta, y star, ... = ctx.saved _tensors

dy y = y star.detach().clone().requires_grad (True)

theta var = theta.detach().clone().requires_grad_ (True)

y next = arap_step(y, rest_verts, theta var, ...)

NUAY
V7P,(5;) Operator —, jo¢ IT_y(v):

return v - torch.autograd.grad(y next, y, v, retain_graph=True)[0]

adjoint solve for A
J f \\\\\“*lambda_ = gmres_solve(JT_y, grad deformed, ...)

grad_theta, = torch.autograd.grad(y_next, theta var, lambda )

final VJP — grad 0 — return grad_theta

Our implicit function

fG;y) =h(x,y)—y=0



Put everything together

theta

verts[handle idx]

theta

theta.requires_grad (True)
optimizer = torch.optim.SGD([theta], 1lr=1r)
for _ in range(num_steps):

optimizer.zero _grad()

y = arap_layer(verts, theta, ...)

loss = ((y - target _verts) ** 2).mean()

loss.backward()

optimizer.step()

def arap_layer(verts, theta, ...):
class ARAPLayer(torch.autograd.Function):

@staticmethod
def forward(verts, theta, ...):

return y
gstaticmethod
ef backward(ctx, grad deformed):

return grad_theta

return ARAPLayer.apply(verts, theta,




Inverse ARAP Results
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Target mesh

ARAP result after
each outer iteration

Rest mesh



iskra: Inverse Geometry Processing in Python

def make_adjoint_layer(
PyTorch system for differentiable
geometry processing, with automatic
adjoint computation.

solver_ fn,
implicit fn,

param_args,

User provides g and f, and iskra builds sol _args,

the implicit layer
zero_args,
bwd method = "gmres",
gmres_init = None,

callback gmres sol = None,

\Wiskra o

- 500,
= le-6,
. . bwd rel tol = 1le-3,
oithub.com/anadodik/iskra
= verbose = False,


https://github.com/anadodik/iskra
https://github.com/anadodik/iskra

Conclusion



What have we done today?

Differentiating
for | through
Geometry Processing

*_ Seeded input, 9;

Have: vy«
Know: fx.y)=o0

. Y
Want: o

Implicit Differentiation

3
)

\ﬁ

6

Handled by Adjoint method

Handled by PyTorch

¢ ¢
>xg>y—>£

e
NS
0
x
ﬂ

A
s %




The Landscape of Differentiable Systems

€. Taichi Lang
Taichi / DiffTaichi

NVIDIA Warp

Brf”

Enzyme

General Differentiable Programming

Mitsuba 3 NVIDIA Kaolin

3D Learning / Differentiable Rendering

TinyAD

RXMesh

YASPS

Wiskra

Differentiable Geometry Processing




Open Problems

Systems Geometry
Differentiable Discrete Differentiating through
Operations w/ Connectivity Degeneracies

Change

(a) area sampling (b) edge sampling

System Design for Composable

Geometry Layers Differentiable Monte Carlo Ray Tracing

through Edge Sampling
Siggraph 2018
Tzu-Mao Li et al.



github.com/anadodik/iskra

DIFFERENTIABLE GEOMETRY PROGESSING

IN PYTHON

MIT

ANA DODIK, AHMED H. MAHMOUD E


https://github.com/anadodik/iskra
https://github.com/anadodik/iskra
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  𝜃  →      𝜙     


  f  (  x ; y ) = h  (  x , y ) − y = 0


     (    𝜕 f  𝜕 y ) T


    𝜕 ℓ  𝜕 y


  𝜃


  𝜆


   y ∗ =  g ⁡   (  x ,  y ∗ )


  f  (  x ; y ) = h  (  x , y ) − y = 0


   y ∗ = h  (  x ,  y ∗ )


   y  k + 1 = h  (  x ,  y k )


   y H  k + 1 =  𝜃 H


  L ⁢  y  k + 1 = b


   b i =  ∑  j ∈  𝒩 ⁡   ( i )     c  i ⁢ j 2 ⁢  (   R i +  R j ) ⁢  (   x i −  x j )


   R i =  V i ⁢  U i T
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   R i ∈   S O ⁡   ( 3 )


   y k =  𝜃 k ,     k ∈ H ,
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  𝜙


  y =     g ⁡   (   𝜙 ⁡   ( 𝜃 ) ) = g ( x )


  x =  𝜙 ⁡   (  𝜃 , r e s t   m e s h )


  y =     g ⁡   (   𝜙 ⁡   ( 𝜃 ) ; c )


  y


  𝜃


   ℓ ⁡   ( y ) =  1   | V | ⁢   ‖ y − t ‖ 2


  t


  y


  𝜃


  y =     g ⁡   (   𝜙 ⁡   ( 𝜃 ) ; c )


  y


  𝜃


   f ⁡   (  x ; y ) = 0


    𝜕 ℓ  𝜕 x = −  𝜆 T ⁢   𝜕 f  𝜕 x


  𝜆


     n y ×  n x


  y


  x


    𝜕 f  𝜕 x


    𝜕 f  𝜕 𝒙


  z ↦    (    𝜕 f  𝜕 y ) T ⁢ z


     (    𝜕 f  𝜕 y ) T ⁢ 𝜆 =    (    𝜕 ℓ  𝜕 y ) T


  z ↦    (    𝜕 f  𝜕 y ) T ⁢ z


   n y ×  n y


  x


  y


    𝜕 f  𝜕 y


   f ⁡   (  x ; y ) = 0


    𝜕 f  𝜕 y


    𝜕 ℓ  𝜕 y


     (    𝜕 f  𝜕 y ) T ⁢ 𝜆 =    (    𝜕 ℓ  𝜕 y ) T


    𝜕 ℓ  𝜕 y


  𝜆


    𝜕 ℓ  𝜕 x = −  𝜆 T ⁢   𝜕 f  𝜕 x


     (    𝜕 f  𝜕 y ) T ⁢ 𝜆 =    (    𝜕 ℓ  𝜕 y ) T


    𝜕 ℓ  𝜕 y ,     𝜕 f  𝜕 y ,     𝜕 f  𝜕 x


    𝜕 ℓ  𝜕 x = −       𝜕 ℓ  𝜕 y ⁢    [    𝜕 f  𝜕 y ]  − 1 ⏟   𝜆 T ⁢   𝜕 f  𝜕 x


   f ⁡   (  x ; y ) = 0


  y


  x =  𝜙 ⁡   ( 𝜃 )


    min 𝜃 ℓ   (       g ⁡   (   𝜙 ⁡   ( 𝜃 ) ) ⏟ y  )


  𝜃  →      𝜙     


    min 𝜃 ℓ   (       g ⁡   (   𝜙 ⁡   ( 𝜃 ) ) ⏟ y  )


  𝒚


  y 1 ,   y 2 , … ,   y n


  O ( max ⁡ _ i t e r )


    min 𝜃 ℓ   (       g ⁡   (   𝜙 ⁡   ( 𝜃 ) ) ⏟ y  )


  𝜃  


   𝜃  k + 1 =  𝜃 k − 𝜂 ∇ ℓ  (   𝜃 k )


   F ⁡   ( 𝜃 ) =  [      x 2 + y     sin ⁡   (  x ⁢ y ) ]


  𝜃 =  [     x   y ]


  F :  ℝ 2 →  ℝ 2


    𝜕 f  𝜕  𝜃 3


    𝜕 f  𝜕  𝜃 2


    𝜕 f  𝜕  𝜃 1


   f ⁡   ( 𝜃 ) =    (   𝜃 1 ⁢  𝜃 2 ⁢   sin ⁡   𝜃 3 +  e   𝜃 1 ⁢  𝜃 2 ) /   𝜃 3


   f ⁡   ( 𝜃 ) =    (   𝜃 1 ⁢  𝜃 2 ⁢   sin ⁡   𝜃 3 +  e   𝜃 1 ⁢  𝜃 2 ) /   𝜃 3


    𝜕 f  𝜕  𝜃 3


    𝜕 f  𝜕  𝜃 2


    𝜕 f  𝜕  𝜃 1


  =  v 𝖳 ⁢  J F


  =  v 𝖳 ⁢  J K


        𝜕 ℓ  𝜕 K ⏟  1 × 1 = 1


        𝜕 ℓ  𝜕 F ⏟  1 × m =         𝜕 ℓ  𝜕 K ⏟  1 × 1 ⁢       𝜕 K  𝜕 F ⏟  1 × m


        𝜕 ℓ  𝜕 𝜃 ⏟  1 × n =         𝜕 ℓ  𝜕 F ⏟  1 × m ⁢       𝜕 F  𝜕 𝜃 ⏟  m × n


  ℓ


    K ( F ⁡   ( 𝜃 ) )


   F ⁡   ( 𝜃 )


  𝜃


    ℓ = K ( F ⁡   ( 𝜃 ) )


  𝜃 ∈  ℝ n ,         F  ( 𝜃 ) ∈  ℝ m ,     K :  ℝ m → ℝ


  F :  ℝ n →  ℝ m


    𝜃  


    L  


  ℓ )


  =  v 𝖳 ⁢  J F


  =  v 𝖳 ⁢  J K


        𝜕 ℓ  𝜕 K ⏟  1 × 1 = 1


  𝜃 ∈  ℝ n ,         F  ( 𝜃 ) ∈  ℝ m ,     K :  ℝ m → ℝ


  F :  ℝ n →  ℝ m


        𝜕 ℓ  𝜕 F ⏟  1 × m =         𝜕 ℓ  𝜕 K ⏟  1 × 1 ⁢       𝜕 K  𝜕 F ⏟  1 × m


        𝜕 ℓ  𝜕 𝜃 ⏟  1 × n =         𝜕 ℓ  𝜕 F ⏟  1 × m ⁢       𝜕 F  𝜕 𝜃 ⏟  m × n


  ℓ


    K ( F ⁡   ( 𝜃 ) )


   F ⁡   ( 𝜃 )


  𝜃


  ℓ )


    ℓ = K ( F ⁡   ( 𝜃 ) )


  ℓ


    K ( F ⁡   ( 𝜃 ) )


   F ⁡   ( 𝜃 )


  𝜃


  ℓ )


  𝜃 ∈  ℝ n ,         F  ( 𝜃 ) ∈  ℝ m ,     K :  ℝ m → ℝ


  F :  ℝ n →  ℝ m


    ℓ = K ( F ⁡   ( 𝜃 ) )


   J 𝖳 v ⁢ ∈  ℝ n


   v 𝖳 ⁢ J ∈  ℝ  1 × n


  J ∈  ℝ  m × n


  v ∈  ℝ  m × 1


   [      v 1   𝜕  f 1  𝜕  𝜃 1 +  v 2   𝜕  f 1  𝜕  𝜃 2 + ⋯  v n   𝜕  f 1  𝜕  𝜃 n     ⋮    v 1   𝜕  f m  𝜕  𝜃 1 +  v 2   𝜕  f m  𝜕  𝜃 2 + ⋯  v n   𝜕  f m  𝜕  𝜃 n ]


   [      v 1     ⋮    v n ]


   [       𝜕  f 1  𝜕  𝜃 1  ⋯    𝜕  f 1  𝜕  𝜃 n   ⋮  ⋱  ⋮     𝜕  f m  𝜕  𝜃 1  ⋯    𝜕  f m  𝜕  𝜃 n ]


  v


  𝜃


  F


  J v ∈  ℝ m


  v ∈  ℝ n


  J ∈  ℝ  m × n


   [      v 1   𝜕  f 1  𝜕  𝜃 1         ⋮    ⋮    v 1   𝜕  f m  𝜕  𝜃 1 ]


   [      v 1         0    ⋮   0 ]


   [       𝜕  f 1  𝜕  𝜃 1  ⋯    𝜕  f 1  𝜕  𝜃 n   ⋮  ⋱  ⋮     𝜕  f m  𝜕  𝜃 1  ⋯    𝜕  f m  𝜕  𝜃 n ]


  v


  𝜃


  F


  J v ∈  ℝ m


  v ∈  ℝ n


  J ∈  ℝ  m × n


   f 5


   f 4


   f 3


   f 2


   f 1


   𝜃 6


   𝜃 5


   𝜃 4


   𝜃 3


   𝜃 2


   𝜃 1


  𝜃


  F


   J F =    [     ×  ×       ×  ×  ×       ⋱  ⋱  ⋱       ⋱  ⋱  ⋱       ×  ×  ×       ×  × ]


   F ⁡   ( 𝜃 ) =  [      f 1 = 2 ⁢  (   𝜃 2 3 −  𝜃 1 2 )    f 2 = 3 ⁢  (   𝜃 2 3 −  𝜃 1 2 ) + 2 ⁢  (   𝜃 3 3 −  𝜃 2 2 )    f 3 = 3 ⁢  (   𝜃 3 3 −  𝜃 2 2 ) + 2 ⁢  (   𝜃 4 3 −  𝜃 3 2 )   ⋮    f m = 3 ⁢  (   𝜃 n 3 −  𝜃  n − 1 2 ) ]


  ∇ L  ( 𝜃 ) =  [       𝜕 L  𝜕  𝜃 1     ⋮     𝜕 L  𝜕  𝜃 n ]


   J F =   𝜕 F  𝜕 𝜃 =  [     ∇  f 1 𝘛   ⋮   ∇  f m 𝘛 ] =  [       𝜕  f 1  𝜕  𝜃 1  ⋯    𝜕  f 1  𝜕  𝜃 n   ⋮  ⋱  ⋮     𝜕  f m  𝜕  𝜃 1  ⋯    𝜕  f m  𝜕  𝜃 n ]


   J F =   𝜕 F  𝜕 𝜃 ∈  ℝ  m × n


  F :  ℝ n →  ℝ m


  ∇ L ∈  ℝ n


  L :  ℝ n → ℝ


  L


  𝜃


      m i n 𝜃 ⁡   ℓ ⁡   ( 𝜃 ) ,


        𝜕 ℓ  𝜕 F ⏟  1 × m =         𝜕 ℓ  𝜕 K ⏟  1 × 1 ⁢       𝜕 K  𝜕 F ⏟  1 × m


        𝜕 ℓ  𝜕 K ⏟  1 × 1 = 1


        𝜕 ℓ  𝜕 K ⏟  1 × 1 = 1


  =  v 𝖳 ⁢  J K


  =  v 𝖳 ⁢  J K


  =  v 𝖳 ⁢  J F


  =  v 𝖳 ⁢  J F


    𝜕 f  𝜕  𝜃 1


    𝜕 f  𝜕  𝜃 1


    𝜕 f  𝜕  𝜃 2


    𝜕 f  𝜕  𝜃 2


    𝜕 f  𝜕  𝜃 3


    𝜕 f  𝜕  𝜃 3


   f ⁡   ( 𝜃 ) =    (   𝜃 1 ⁢  𝜃 2 ⁢   sin ⁡   𝜃 3 +  e   𝜃 1 ⁢  𝜃 2 ) /   𝜃 3


   f ⁡   ( 𝜃 ) =    (   𝜃 1 ⁢  𝜃 2 ⁢   sin ⁡   𝜃 3 +  e   𝜃 1 ⁢  𝜃 2 ) /   𝜃 3


   f ⁡   ( 𝜃 ) =    (   𝜃 1 ⁢  𝜃 2 ⁢   sin ⁡   𝜃 3 +  e   𝜃 1 ⁢  𝜃 2 ) /   𝜃 3


   f ⁡   ( 𝜃 ) =    (   𝜃 1 ⁢  𝜃 2 ⁢   sin ⁡   𝜃 3 +  e   𝜃 1 ⁢  𝜃 2 ) /   𝜃 3


   J F =   𝜕 F  𝜕 𝜃 ∈  ℝ  m × n


   J F =   𝜕 F  𝜕 𝜃 ∈  ℝ  m × n


    𝜕 f  𝜕  𝜃 1


    𝜕 f  𝜕  𝜃 1


    𝜕 f  𝜕  𝜃 2


    𝜕 f  𝜕  𝜃 2


    𝜕 f  𝜕  𝜃 3


    𝜕 f  𝜕  𝜃 3


  F :  ℝ 2 →  ℝ 2


  F :  ℝ 2 →  ℝ 2


  𝜃 =  [     x   y ]


  𝜃 =  [     x   y ]


   F ⁡   ( 𝜃 ) =  [      x 2 + y     sin ⁡   (  x ⁢ y ) ]


   F ⁡   ( 𝜃 ) =  [      x 2 + y     sin ⁡   (  x ⁢ y ) ]


    min 𝜃 ℓ   (       g ⁡   (   𝜙 ⁡   ( 𝜃 ) ) ⏟ y  )


    min 𝜃 ℓ   (       g ⁡   (   𝜙 ⁡   ( 𝜃 ) ) ⏟ y  )


  O ( max ⁡ _ i t e r )


  O ( max ⁡ _ i t e r )


  y 1 ,   y 2 , … ,   y n


  y 1 ,   y 2 , … ,   y n


  𝒚


  𝒚


        𝜕 ℓ  𝜕 K ⏟  1 × 1 = 1


  =  v 𝖳 ⁢  J K


  =  v 𝖳 ⁢  J K


  =  v 𝖳 ⁢  J F


  =  v 𝖳 ⁢  J F


  ∇ L ∈  ℝ n


  ∇ L ∈  ℝ n


  ℓ )


  ℓ )


    L  


    L  


    𝜃  


    𝜃  


  F :  ℝ n →  ℝ m


  F :  ℝ n →  ℝ m


  𝜃 ∈  ℝ n ,         F  ( 𝜃 ) ∈  ℝ m ,     K :  ℝ m → ℝ


  𝜃 ∈  ℝ n ,         F  ( 𝜃 ) ∈  ℝ m ,     K :  ℝ m → ℝ


    ℓ = K ( F ⁡   ( 𝜃 ) )


    ℓ = K ( F ⁡   ( 𝜃 ) )


  𝜃


  𝜃


   F ⁡   ( 𝜃 )


   F ⁡   ( 𝜃 )


    K ( F ⁡   ( 𝜃 ) )


    K ( F ⁡   ( 𝜃 ) )


  ℓ


  ℓ


  F :  ℝ n →  ℝ m


  F :  ℝ n →  ℝ m


        𝜕 ℓ  𝜕 𝜃 ⏟  1 × n =         𝜕 ℓ  𝜕 F ⏟  1 × m ⁢       𝜕 F  𝜕 𝜃 ⏟  m × n


        𝜕 ℓ  𝜕 𝜃 ⏟  1 × n =         𝜕 ℓ  𝜕 F ⏟  1 × m ⁢       𝜕 F  𝜕 𝜃 ⏟  m × n


        𝜕 ℓ  𝜕 F ⏟  1 × m =         𝜕 ℓ  𝜕 K ⏟  1 × 1 ⁢       𝜕 K  𝜕 F ⏟  1 × m


  J v ∈  ℝ m


  F


  F


   𝜃  k + 1 =  𝜃 k − 𝜂 ∇ ℓ  (   𝜃 k )


   𝜃  k + 1 =  𝜃 k − 𝜂 ∇ ℓ  (   𝜃 k )


  𝜃


  𝜃


  v


  v


   [       𝜕  f 1  𝜕  𝜃 1  ⋯    𝜕  f 1  𝜕  𝜃 n   ⋮  ⋱  ⋮     𝜕  f m  𝜕  𝜃 1  ⋯    𝜕  f m  𝜕  𝜃 n ]


   [       𝜕  f 1  𝜕  𝜃 1  ⋯    𝜕  f 1  𝜕  𝜃 n   ⋮  ⋱  ⋮     𝜕  f m  𝜕  𝜃 1  ⋯    𝜕  f m  𝜕  𝜃 n ]


   [      v 1     ⋮    v n ]


   [      v 1     ⋮    v n ]


   [      v 1   𝜕  f 1  𝜕  𝜃 1 +  v 2   𝜕  f 1  𝜕  𝜃 2 + ⋯  v n   𝜕  f 1  𝜕  𝜃 n     ⋮    v 1   𝜕  f m  𝜕  𝜃 1 +  v 2   𝜕  f m  𝜕  𝜃 2 + ⋯  v n   𝜕  f m  𝜕  𝜃 n ]


   [      v 1   𝜕  f 1  𝜕  𝜃 1 +  v 2   𝜕  f 1  𝜕  𝜃 2 + ⋯  v n   𝜕  f 1  𝜕  𝜃 n     ⋮    v 1   𝜕  f m  𝜕  𝜃 1 +  v 2   𝜕  f m  𝜕  𝜃 2 + ⋯  v n   𝜕  f m  𝜕  𝜃 n ]


  v ∈  ℝ  m × 1


  v ∈  ℝ  m × 1


  J ∈  ℝ  m × n


  J ∈  ℝ  m × n


   v 𝖳 ⁢ J ∈  ℝ  1 × n


   v 𝖳 ⁢ J ∈  ℝ  1 × n


   J 𝖳 v ⁢ ∈  ℝ n


   J 𝖳 v ⁢ ∈  ℝ n


    ℓ = K ( F ⁡   ( 𝜃 ) )


    ℓ = K ( F ⁡   ( 𝜃 ) )


  𝜃  


  𝜃  


  F :  ℝ n →  ℝ m


  F :  ℝ n →  ℝ m


  𝜃 ∈  ℝ n ,         F  ( 𝜃 ) ∈  ℝ m ,     K :  ℝ m → ℝ


  𝜃 ∈  ℝ n ,         F  ( 𝜃 ) ∈  ℝ m ,     K :  ℝ m → ℝ


  ℓ )


  ℓ )


  𝜃


  𝜃


   F ⁡   ( 𝜃 )


   F ⁡   ( 𝜃 )


    K ( F ⁡   ( 𝜃 ) )


    K ( F ⁡   ( 𝜃 ) )


  ℓ


  ℓ


    ℓ = K ( F ⁡   ( 𝜃 ) )


    ℓ = K ( F ⁡   ( 𝜃 ) )


  ℓ )


  ℓ )


  𝜃


  𝜃


  L :  ℝ n → ℝ


  L :  ℝ n → ℝ


   F ⁡   ( 𝜃 )


   F ⁡   ( 𝜃 )


    K ( F ⁡   ( 𝜃 ) )


    K ( F ⁡   ( 𝜃 ) )


  ℓ


  ℓ


        𝜕 ℓ  𝜕 𝜃 ⏟  1 × n =         𝜕 ℓ  𝜕 F ⏟  1 × m ⁢       𝜕 F  𝜕 𝜃 ⏟  m × n


        𝜕 ℓ  𝜕 𝜃 ⏟  1 × n =         𝜕 ℓ  𝜕 F ⏟  1 × m ⁢       𝜕 F  𝜕 𝜃 ⏟  m × n


        𝜕 ℓ  𝜕 F ⏟  1 × m =         𝜕 ℓ  𝜕 K ⏟  1 × 1 ⁢       𝜕 K  𝜕 F ⏟  1 × m


        𝜕 ℓ  𝜕 F ⏟  1 × m =         𝜕 ℓ  𝜕 K ⏟  1 × 1 ⁢       𝜕 K  𝜕 F ⏟  1 × m


  F :  ℝ n →  ℝ m


  F :  ℝ n →  ℝ m


  𝜃 ∈  ℝ n ,         F  ( 𝜃 ) ∈  ℝ m ,     K :  ℝ m → ℝ


  𝜃 ∈  ℝ n ,         F  ( 𝜃 ) ∈  ℝ m ,     K :  ℝ m → ℝ


        𝜕 ℓ  𝜕 K ⏟  1 × 1 = 1


   f 2


   f 2


   f 3


   f 3


   f 4


   f 4


   f 5


   f 5


  J ∈  ℝ  m × n


  J ∈  ℝ  m × n


  v ∈  ℝ n


  v ∈  ℝ n


  J v ∈  ℝ m


  J v ∈  ℝ m


  L


  L


  F


  F


  𝜃


  𝜃


  v


  v


   [       𝜕  f 1  𝜕  𝜃 1  ⋯    𝜕  f 1  𝜕  𝜃 n   ⋮  ⋱  ⋮     𝜕  f m  𝜕  𝜃 1  ⋯    𝜕  f m  𝜕  𝜃 n ]


   [       𝜕  f 1  𝜕  𝜃 1  ⋯    𝜕  f 1  𝜕  𝜃 n   ⋮  ⋱  ⋮     𝜕  f m  𝜕  𝜃 1  ⋯    𝜕  f m  𝜕  𝜃 n ]


   [      v 1         0    ⋮   0 ]


   [      v 1         0    ⋮   0 ]


   [      v 1   𝜕  f 1  𝜕  𝜃 1         ⋮    ⋮    v 1   𝜕  f m  𝜕  𝜃 1 ]


   [      v 1   𝜕  f 1  𝜕  𝜃 1         ⋮    ⋮    v 1   𝜕  f m  𝜕  𝜃 1 ]


  J ∈  ℝ  m × n


  J ∈  ℝ  m × n


  v ∈  ℝ n


  v ∈  ℝ n


  J v ∈  ℝ m


   b i =  ∑  j ∈  𝒩 ⁡   ( i )     c  i ⁢ j 2 ⁢  (   R i +  R j ) ⁢  (   x i −  x j )


   b i =  ∑  j ∈  𝒩 ⁡   ( i )     c  i ⁢ j 2 ⁢  (   R i +  R j ) ⁢  (   x i −  x j )


  L ⁢  y  k + 1 = b


  L ⁢  y  k + 1 = b


   y H  k + 1 =  𝜃 H


   y H  k + 1 =  𝜃 H


   𝜃 1


   𝜃 1


   y  k + 1 = h  (  x ,  y k )


   y  k + 1 = h  (  x ,  y k )


   y ∗ = h  (  x ,  y ∗ )


   y ∗ = h  (  x ,  y ∗ )


  f  (  x ; y ) = h  (  x , y ) − y = 0


  f  (  x ; y ) = h  (  x , y ) − y = 0


   y ∗ =  g ⁡   (  x ,  y ∗ )


   y ∗ =  g ⁡   (  x ,  y ∗ )


  𝜆


  𝜆


  𝜃


  𝜃


    𝜕 ℓ  𝜕 y


    𝜕 ℓ  𝜕 y


     (    𝜕 f  𝜕 y ) T


     (    𝜕 f  𝜕 y ) T


  f  (  x ; y ) = h  (  x , y ) − y = 0


  f  (  x ; y ) = h  (  x , y ) − y = 0


  g  


  g  


   𝜃 2


   𝜃 2


  f


  f


  𝜃  →      𝜙     


  𝜃  →      𝜙     


   𝜃 3


   𝜃 3


   𝜃 4


   𝜃 4


  𝜃


  𝜃


   𝜃 5


   𝜃 5


   𝜃 6


   𝜃 6


   f 1


   f 1


  y =     g ⁡   (   𝜙 ⁡   ( 𝜃 ) ; c )


  x =  𝜙 ⁡   (  𝜃 , r e s t   m e s h )


  x =  𝜙 ⁡   (  𝜃 , r e s t   m e s h )


  y =     g ⁡   (   𝜙 ⁡   ( 𝜃 ) ) = g ( x )


  y =     g ⁡   (   𝜙 ⁡   ( 𝜃 ) ) = g ( x )


  𝜙


  𝜙


      min  y , {  R i } ⁡   ∑   (  i , j )   c  i ⁢ j ⁢    ‖   (   y i −  y j ) −  R i ⁢  (   x i −  x j ) ‖ 2


      min  y , {  R i } ⁡   ∑   (  i , j )   c  i ⁢ j ⁢    ‖   (   y i −  y j ) −  R i ⁢  (   x i −  x j ) ‖ 2


   y k =  𝜃 k ,     k ∈ H ,


   y k =  𝜃 k ,     k ∈ H ,


   R i ∈   S O ⁡   ( 3 )


   R i ∈   S O ⁡   ( 3 )


  y


  y


  𝜃


  𝜃


  𝜃


  𝜃


  𝜃


  𝜃


  y


  y


   S i =  ∑  j ∈ 𝒩  ( i )   w  i j  e  i j  e  i j  ′ T


   S i =  ∑  j ∈ 𝒩  ( i )   w  i j  e  i j  e  i j  ′ T


   e  i j ≔  x i −  x j


   e  i j ≔  x i −  x j


   e  i j ′ ≔  y i −  y j


   e  i j ′ ≔  y i −  y j


   S i =  U i  Σ i  V i T
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